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Introduction
3 AN Statement of the problem
- \ . ﬂe avthor ’s

- S ) Qur motivation is to find asymptotically more accurate confi-
ﬁ dence intervals for the steady state mean of a simulated process.
* By this ‘\é‘é’ meanjthat the coverage probability error for the con-

fidence intervals we derive should be of lower order than that of

standard confidence intervals. There are several standard methods

of setting confidence intervals in simulations, including the regener-

on improved confidence intervals for the mean of an autoregressive
process, and as such our results are useful outside of a simulation
setting.

Improved methodology for setting simulation confidence inter-
vals is an area of active research. A recent survey article, LAW AND
KELTON (1984), states

One of the»mgs;,impoitént but difficult problems encoun-

\\\\_4 _ .
/;[A/», /' LA ! /Tx 4é . ey

. . .‘4 . . s r"-'
Traih= Fucd gpotors [y T

ative method, batch means, and time series methods. We-will focuscs




INTRODUCTION

tered in a real-world simulation study is that of construct-

ing a confidence interval (c.i.) for the steady state mean

p of a stochastic proces. The information contained ip

such a c.i. provides the decision maker with a measure of

how precisely p is known. Constructing the c.i., however,

is difficult because the output data from a simulation are

in general non-stationary and autocorrelated, so that di-

rect application of the techinques of classical statistics is

precluded.

Almost none of the work on confidence intervals aims to improve
the asymptotic order of confidence interval accuracy, however. If we
use standard methods to set a nominal 90 percent confidence interval
for the mean of the process, the true proportion of the time that
the actual mean falls within our interval will be 0.9 plus an error
term which is typically O(n—!). The error in half-coverage, that
is the difference between 0.45 and the true proportion of the time
that the actual mean falls in one half of the nominal interval, is of
order O(n—!/3). Most work attempts to improve the constant factor
implicit in this O(n=1/3). We will derive a first order correction
which, under reasonable assumptions, reduces the one sided errors
to o(n=1/3) and a second order correction which reduces these errors

to o(n~!).

Importance of the problem

In the usual statistical context one feels that a sample size of
n = 30 is reasonably large—certainly the t-distribution with 29

degrees of freedom closely approximates the normal distribution,




L RSCRACHRAQL AU S B B RN MR A AL Rl s T Nt Bt il B it Al IAh-ml R T AR s (e > b Bah e Aot e e BN e Aot o v 0 i i o ish ot st o ag aona o0t

INTRODUCTION 3

and one regards normal theory as adequate for forming confidence
intervals for the mean. In forming a confidence interval for the
mean of an asymptotically stationary process, however, one may
need n = 10,000 or greater. To illustrate this, a Monte Carlo study
(discussed in Chapter 5) on the expected stationary waiting time
in an M/M/1 queue in light traffic (traffic intensity of 0.5) showed
among other things that the true probability that the sample mean
was greater than the upper limit of a 90 percent confidence interval
was not 0.05 but about 0.14. Various criteria have been suggested
for evaluating confidence intervals, but reasonable accuracy is the

sine qua non of confidence intervals.

L
t

AR\ 2 g
[T R N e LIRS

For this reason, it is desirable to find more accurate methods to
form confidence intervals for small samples. As mentioned above,
more accurate half coverage is desirable. For example, we might

wish to perform a one-sided test on the estimated mean.

Lol
[

Basic tools and assumptions

- We assume we are given a process z = {z; : ¢+ > 1} which

satisfies a stable autoregressive difference equation,

(1) ao(zi — )+ - +ax(Zi—kx ~ p) =€

fori = k+1,...,n. The €'s of the sequence {¢; : s > k + 1} are
zero-mean, independent and identically distributed random vari-
ables with moments of all orders and a density (with respect to

Lebesgue measure) which is positive on an interval. We take the




B S S O R S A A A S N P M A A el el e e g et ey A S i i Mt e i Rty |

INTRODUCTION 4

point of view, then, that the simulator or statistician has deter-
mined that such a model is appropriate. If the prediction errors
of the model (epsilons) may only be assumed uncorrelated and not
independent, the first order correction still applies with minor mod-
ifications. If the model of actual interest is in continuous time, this

of course necessitates some method like sampling at discrete inter-

vals. In the regenerative method of forming confidence intervals
for the steady state value of Ef (z(¢)), where z(¢) is a regenerative
. process in continuous time with regeneration times {¢; : s > 0}, one
E would proceed as follows. Let 7; be defined as the regenerative cycle
8 length,

TS = ti —ti—1,

and let y; be defined by

¢

we | f=(t)at
tiey
The mean we want to estimate is Ey;/ E'r;, and we may use the Delta
method to derive the variance of the natural estimate §,/#,, where
7n and 7, are the respective sample means. (See BILLINGSLEY
(1979) for the Delta method). If we are not using the regenerative
method, we could sample the process at fixed intervals, which is
to say that 7; is constant, but it may be more convenient to sam-

ple the process at random intervals. For appropriate choices of the

random times {#; : ¥ > 0} the joint sequence {(ys,7) : ¢+ > 0} as

defined above will still be asymptotically stationary and will still
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INTRODUCTION 5

obey the bivariate Central Limit Theorem, even though it is not
an independent sequence. In this case, Ey;/Er; is still the natural

point estimate, and the Delta method may be used exactly as be-

Ny s

fore to derive the same variance constant as one would derive using
the regenerative method. The only difference is that the covariance
matrix of the process {(y;, %) : # > 0} is not as easy to estimate.
One may, however, estimate this covariance matrix using a bivariate
autoregressive model, as in JOow (1983), or some other method. If a
bivariate autoregressive method is used, then the natural extensions

of the methods of this thesis may be used to obtain more accurate

" T~ v PABR At
W LI [ B .

confidence intervals, though this extension to the multivariate au-
toregressive method is not elaborated here. See FOX AND GLYNN
(1983) for further discussion.

The constant u of (1) is the asymptotic mean of the z process,
and gy is assumed equal to one. Note that the sequence of interest,
z = {z; : 1 > 1}, need not be stationary, but it will be asymptotically
stationary. The requirement that the difference equation be strictly

stable is equivalent to the technical condition that all roots of the

D]  enteies | adadas
. i ‘ B P PR voal s 8 e

characteristic polynomial
k
@92 + -+ ax2p

lie strictly inside the unit circle {(see PRIESTLEY (1981)).

T YT
.'.'. . ’ 1 e .

If the usual pivot or test statistic based on n sample points

is t,, then the first order pivot we will derive will have the form

Ty =ty + 0,012 4 pat3n—1/2 and the second order pivot will be

......................................
.....................

...................
...........................



INTRODUCTION

Ty =Ty + Vptan~! + w,atdn~!. The pivots Ty and T3 depend on n,
but we suppress this dependence in the notation. Ty differs from a
standard normal random variable by an error term which is “little
oh” of n=1/2 in probability, written op(n='/3), and T3 by a term
which is op(n~!). Recall that y, = 0,(n™?) means that n®y, goes
to zero in probability. These test statistics will be the basis of con-
fidence intervals with coverage error probability of asymptotically
lower order.

The basic tools behind our derivations are the Edgeworth ex-
pansion, and the Cornish-Fisher expansion. KENDALL AND STU-
ART (1977) contains a good introduction to these concepts. The
Edgeworth. expansion is an asymptotic expansion for the central
limit theorem. If ®(2z) denotes the standard normal distribution
function and ¢(z) the standard normal density, the most basic form

of Edgeworth expansion is
P{n='2 T} (yi — Ey)/o < 2} =
®(z) + ¢(2) [—nl - lc;,(z2 -1)/6+-- ] ,

where {y; : + > 1} is an independent and identically distributed
sequence satisfying certain moment and smoothness assumptions.
The two x’s shown above are O(n=1/3). Less basic forms of the
expansion will allow the y’s to be non-independent and allow the
probability that the normalized sample mean lies in more arbitrary
Borel sets to be estimated. In addition, we usually are concerned
not with the normalized sample mean but with a function of several

normalized sample means.

..............................................




INTRODUCTION

The Cornish-Fisher expansion amounts to a polynomial trans-
formation, which transforms the asymptotically normal statistic ¢,
to a statistic with a distribution closer to that of the standard nor-
mal distribution. In fact, the first order corrected statistic T) above
is a Cornish-Fisher expansion of ¢,, and T; is a Cornish-Fisher ex-

pansion of Ty.

Previous work

There are several large areas of research which provide a basis
for this thesis or which are related to it.

The first such area is that of Edgeworth expansions. Edge-
worth’s paper appeared in 1904. The book BHATTACHARYA AND
RAO (1976) provides very good background for the independent and
identically distributed case, as does the paper BHATTACHARYA
AND GHOSH (1978). TANIGUCHI (1984) deals with the time series
context, and GOTZE AND HIPP (1983) prove the validity of Edge-
worth expansions for quite general functions of weakly dependent
random variables.

The original paper of Cornish and Fisher appeared in 1927. See
HILL AND DAVIS (1968) for a more recent study.

Another major area of research is confidence interval methodol-
ogy in general. FISHMAN (1978) provides background and presents
the autorregressive method of simulation output analysis. Jow

(1982) details the autoregressive method for vector processes, and

the articles LAW AND KELTON (1982, 1984) survey simulation ori-

T

-------
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1 INTRODUCTION 8
. ented work, and contain further references. There is also more sta-

3 tistically oriented research, such as that of Efron cited below. The

electrical engineering literature contains work relevant to confidence
intervals, too. For example, THOMSON (1982) discusses sophisti-
cated methods for spectrum estimation, and though confidence in-
tervals are not specifically mentioned, the problem of estimating the
variance of the sample mean of an asymptotically stationary process
may be viewed as one of spectrum estimation-see JOow (1983) and
PRIESTLEY (1981).

Finally, there is other work which deals with improving the or-
der of confidence interval accuracy. JOHNSON (1978) is perhaps
the first such article. He derives a first order correction for the
usual ¢-statistic in an independent and identically distributed con-
text. GLYNN (1982a) extends this to a second order correction for
ratio estimation, and the methods of EFRON (1984b) center around
the parametic bootstrap. See also ABRAMOVITCH AND SINGH
(1985) and the articles cited there.

Overview

In Chapter 2 we will develop machinery to help us derive the
actual corrections, though the results of this chapter apply quite gen-
' erally to asymptotically stationary sequences. To use the Cornish-

Fisher expansions, we need to estimate moments and cumulants

of some function f(z), where z is a vector of sample means of an

asymptotically stationary sequence. After expanding f in a Taylor
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series, we thus need to estimate various joint moments and cumu-
lants of sample means. One aspect of this is the need to sort out
the contributions to a given cumulant in terms of (negative) powers
of the sample size, n. It is primarily the second section of Chapter
2, “Moment identities,” which details this machinery. The first sec-
tion, “Cumulant and moment bounds,” facilitates the derivations of

the second section.

In this first section, a result of JAMES (1955, 1958) and JAMES
AND MAYNE (1962) is simplified and extended to weakly dependent
random variables. The result of James asserts that the jth cumu-
lant of a polynomial in the sample average ap + a1(n~! Y 7 z;)! +

.-+ ag(n~! 37 z;)* for independent and identically distributed z;
is O(n'~7) as n becomes infinite, and this result is referred to by
BHATTACHARYA AND GHOSH (1978) as “an important combina-

torial result.”

Chapter 3 shows how to compute certain infinite sums associ-
ated with sequences (on Z3,2?, etc., where Z is the set of integers
and Z.; is the set of positive integers) which obey homogeneous or
non-homogeneous difference equations. Many expressions for cumu-
lants of functions of the mean of an autoregressive process are of this

type.

Chapter 4 gives the actual derivation of the corrections, along
with an algorithmic summary. Given the methods of Chapters 2

and 3 the derivation is relatively mechanical, though by no means

completely so. Making the Cornish-Fisher correction entails first

----------- TR L SRS .'- RS
o3 AR X -
ALLAL*LA . be
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INTRODUCTION 10

computing the usual test statistic, t,. One must also estimate the
third and fourth moments of the residuals ¢; in the autoregressive
model. If n is the sample size, estimation of covariances of the
underlying sequence and of the moments of ¢; requires work propor-
tional to O(n). The rest of the computation requires work of order
O(k®), where k is the order of the autoregressive model. The first
order correction is fairly simple, and despite the number of steps the
second order correction is not too computer-intensive.

Finally, we present numerical results in Chapter 5. We consider
two genuine autoregressive processes with independent and identi-
cally distributed residuals. In one case, the residuals have a smooth
density. The second example is the same, except that the residuals
have a lattice distribution. The third model is the M/M/1 queue,
with is not a finite order autoregressive process. The fourth model is
the discrete analog of the M/M/1 queue, that is, a random walk on
the nonnegative integers. This variety of models is included to test,
at least in a few instances, the sufficiency of our sufficient conditions

and the necessity of our necessary conditions.
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The algebra of
moments

In this chapter we will develop tools which are very useful for
simplifying moment expressions. For example, to calculate the usual
test statistic (or “pivot”) we need to estimate both the mean of the
process of interest and covariances. If the estimate of the mean is
z, and that of the covariance at lag 0 is R(0), in the first order cor-
rection we will need to estimate the covariance of 2, and R(0). This
sort of covariance or mixed moment is what we mean by “moment
expression.”

First we will obtain a result which shows, under appropriate
conditions, that the Taylor expansion of a function of a sample mean
has cumulants of the same order as the corresponding cumulants of
a sample mean. This result and its generalizations will help us to
derive the higher order moment identities in the second part of this

chapter.

]




THE ALGEBRA OF MOMENTS

Cumulant and moment bounds

P SLILING ) ararhEcUan s 2 rhelede:

2.1 Introduction. Let S, denote the sum Y 7 z;, where the z;
are mixing and asymptotically stationary (in a sense to be detailed
later) with asymptotic mean zero. If we wish to approximate the
cumulants of \/n(f(Sa/n)— f(0)), we are lead to consider the cumu-
lants of a Taylor expansion: a; San=/3+...+axSknt/3-k = p(S,).
In case the sequence {z; : £ > 1} is independent and identically
distributed and p(Sp) = San~!/3, then the cumulant generating
functions of the polynomial p and of z are related by the formula
¥p(¢) = nyz(¢n—1/3), which shows that the jth cumulant for the
normalized polynomial p, x;,, is O(n!~7/3). JAMES (1955, 1958)
and JAMES AND MAYNE (1962) have shown using the machinery
of Fisher’s k-statistics that the same result holds for general p(Sn)
when the the sequence {z; : ¢+ > 1} is independent and identically
distributed.

Our purpose in this section is to give a simple proof of this fact

and some of its extensions.

Instead of considering the polynomial p, we take \/np, that is
oy Sp + - + axS*n!—* and we will show that the cumulants are
O(n). We will begin with the case in which the z’s are independent,

but we do not require zero means or even identical distributions.

2.2 Review of cumulants. We record here several facts about

cumulants.
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(1) The joint cumulant cum(yi,...,¥k) is given by

(2)

(3)

(4)

(5)

S p - =1 g, -,

where v denotes a partition of {yi,...,yx} into p sets, where
By, is the expected product of those y’s in the sth partition,
and where the sum is taken over all partitions (p = 1,...,k).
For example, cum(y1,y3) = Ey1ya — Ey1 Ey,.

By definition, cum(y;,...,yx) is the coefficient of sy --- sk in
the Taylor expansion of log E exp[i(s1y1 + - - - + sxyx)] = ¥y(s)
The function ¢ is the cumulant generating function. The jth
cumulant of the uaivariate distribution of y is the jth derivative
the cumulant generating function at zero, D74, (0). |

The jth cumulant of y, which is denoted by x; or x;(y), is equal
to cum(y,...,y) (7 times). This is evident from the fact that
x; = DIty (0) = D¥I¢, (0) = cum(y,...,y).

The cumulant cum(zy;,yz,...,¥a) = O if z is independent of
the y’s and Ez = 0, because Ez then factors out of all the
moments in the expansion of (1) above.

cum(yy,...,y;) = 0 whenever the y’s may be partitioned into
two groups independent of each other. In this case, supposing

(y1,...,w) is independent of (yi+1,.-.,¥5),

log E exp(isTy) = log Eexp(s1y; + - + siy1)

+ log Eexp(si41y141 + -+ + 3;95),

whose Taylor expansion has no s; - 3; term.

§2.2 13
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(6) The jth cumulant of ayy; + -+ + qyyy = a¥y is a linear com-

bination of jth order cumulants which we could write as

> Aucum(y,),

lvl=s

where v is a multiindex, v = (v4,...,¥;), |v| = j means that
v has j ordered elements, and cum(y,) = cum(yu,,..., ;). If
¥, is the cumular* generating function of aTy and ¢; that of

¥, then ¥,(s) = ¥z(as). Taking jth derivatives on both sides

with respect to s now proves the assertion.

(7) The cumulant is symmetric and multilinear. For example, if
§=311,

cum($,82/n,8/n%) = n~3cum(S, 53, 53)

= n-3 . pe g g
=n E cum(Z;, , Tiy Tiyy Ti, Tig Tig )

We are now ready to prove the theorem for the independent

r'» case.

2.3 Theorem. Let {z;:{ > 1} be an independent sequence and

let j and k be positive integers. Suppose that the set of moments

Ez;, -- -z, is bounded for | < jk. Then the jth cumulant of ;S +

B R ah e
. .o

-+ axSn!~k, where § = ¥} z;, is O(n) as n — co.

Proof. From fact (6) above, the jth cumulant of ;S + --- +
axSn'=* is a linear combination E|y|=jﬂ,,cum(y,), where y =

(S,...,S*n'~k) and where the coefficients 8, do not depend on n. It
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therefore suffices to show that each cum(y,) is O(n). The expression
cum(y,) means cum(§¥1nl="s, ..., S¥int~Yi) if v = (uy,...,v;).
Notation may obscure the simple idea here, so let us suppose we are
dealing with cum(S,53/n,5%/n,S3/n?) . That the same argument
applies in general will be obvious.

Fact (7) of the previous subsection shows that this camulant is
n—4 Z cum(z,-, 1Zi3Tiyy Ti Zigs Tig z.-,z,-.).

The indexes (1;,...,1s) come from the set of eight-tuples of positive
integers less than or equal to n, but fact (5) shows that this cumulant
is often zero. In fact, if the four arguments split into two indepen-
dent groups, the cumulant is zero. Therefore we must specify three
constraints (the number of arguments minus one) to make it non-
zero. That is, if each argument is a node and if we regard two nodes
as connected whenever the arguments are dependent, we must havea
connected graph. Two arguments in our context are dependent only
when they share an index—for example z,, and z;, z;, are dependent
only if 3, = §3 or §; = 13. Note that the possible number of such con-
straints does not depend on n. Thus the cumulant is nonzero only
if the indexes satisfy at least one set of three equality constraints
from a fixed number of j possible sets. It follows that the number
of nonzero terms in the sum Y cum(z;,, Zi, Ziy s Zi( Tig s Tiq Tig Tiy ) 1S
O(n®—3) = O(n®). Because of our boundedness assumption on mo-
ments, and taking into account the denominators in the cumulants’

arguments, the total sum is O(n%/n*) = O(n) as required.

15
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In general, each new block z;, - - - z;;n'=! which is an argument
of the cumulant increases the size of the space of possible indexes
by a factor of n!, but by introducing one additional necessary con-
straint and dividing by n'~!, the growth of the sum remains at
O(n). Furthermore, if there is only one block, no constraints are
needed. O

Before proving the theorem for non-independent sequences, we

will review the concept of mixing.

2.4 Review of mixing.  The useful hypothesis of mixing gen-
eralizes the idea of independence. Let {z; : ¢+ > 1} be a sequence
of random variables and suppose the event A is in the sigma field
o(zy,...,zx), while B € 0(Zk4n,-.-). Then if the absolute differ-
ence of probabilities|Pr(AB) — Pr(A)Pr(B)| is less than or equal to
an uniformly for all such A and B, we say that the z’s are mixing,
provided a, — 0. The a, are referred to as mixing constants.
Even to prove a central limit theorem for the z’s, we would
require mixing or something which implies it. See for example
BILLINGSLEY (1968), pages 166 and 174. One may also show
(BILLINGSLEY (1979), p. 317) that if the random variable y is
measurable o(z;,...,zx) while z is measurable o(zx4n,...), and

if y and z have bounded fourth moments, then |Eyz — EyEz| <
8(1+ Ey* + Ez‘)a,'.”.

2.5 Theorem. Let {z; : 1 > 1} be a sequence such that (1)

for some positive integers j and k, the set of moments Ez;, - - - z;,

16
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is bounded for ! < 4(jk — 1) and (2) the sequence is mixing with
mixing constants a, = O(n=2=1+¢)) for some € > 0. Then the
jth cumulant of @, S + - - + axSn'~*, where § = 3 [ z;, is O(n)
asn — 0o.

Remark. In applying the lemma of BILLINGSLEY cited in the last
subsection, the random variables y and z will be products of at
most kj — 1 z’s, say y = 7, = 1, --- T, and similarly z = z,.
Then the lemma together with the hypotheses of our theorem guar-
antee |Ez,z, — Ez, Ez,| is uniformly O(g—(#=1+¢)) whenever the
minimum p; exceeds the maximum y; by at least ¢ .

Proof. As in Theorem 2.3 we only need to show that each cum(y,)
is O(n), and this reduces to considering the same sort of sum of

cumulants. The only difference is that terms like
Z cum(z;,, i, Tiy, Ti(Tig) Tie Tir Tiy)

may never be zero, but with a strong enough mixing condition the
sum of such terms will still be O(n), as we shall see.

To be specific, suppose again that we are dealing with
n—4 Z CUM(Z;, , Tiy Tiy, Tiy Tigy Tig Tiy Tiy)

which we want to be O(n). We have ¢t = 4 arguments of the cu-
mulant, d = 8 dimensions to the space of indexes,c = ¢t -1 =3
necessary constraints for a nonzero cumulant in the independent
case, and p = 4 total powers of n in the denominator, which have
been factored out of the sum. The relation d — ¢ — p = 1 always

holds, and this guarantees that the sum is O(n) in Theorem 2.3.
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Suppose that §; < --- < 13 = 14. It is enough to show that the
sum over such terms is O(n), as long as we can do the same for each
ordering of the ¢’s. We will need to consider the cth smallest gap
ik — ik~ in the index 1 = (3,,...,%4), which we call g. If the gap ¢
is “large”, then z's whose indexes differ by g or more will be nearly
independent. If such z's actually were independent, and if the cth
smallest gap in (t;,...,%4) is g, then the corresponding cumulant
would be zero. In our specific example (¢ = 3), this means that
only two pairs of z's or one triple could be dependent, which in turn
implies that one of the cumulant’s arguments would be independent
of the rest, exactly as in the proof of Theorem 2.3. With our mixing
condition, the cumulant will be nearly zero. Therefore, we must

answer two questions:

(1) H the cth smallest gap in (3;,...,14) is g, then how small is the
corresponding cumulant, and

(2) How many points (1;,...,%4) have cth smallest gap equal to g7

To answer the first question, we expand the cumulant in terms
of moments, as in (2.2.1). If we factor each expected product in the
moment expansion as though the z’s whose indexes differ by g or
more were independent, we arrive at an expression which is identi-
cally zero (because g is the cth smallest gap). But now each time we
factor such an expected product we incur an error which is uniformly
O(g—/—1+¢))—see the remark preceding the proof of this theorem.
Note that each term in the cumulant expansion is the product of at

most d moments, and each moment is the expected product of at

18
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most & z’s. If & > 1 is our uniform bound on z-moments of order
d or less, then each term of the cumulant expansion is bounded by
b% in absolute value. There are exactly d z’s in each term of the
expansion (each index occurs once), and each time we factor we in-
duce an error bounded by O(g—"='+¢)). The total absolute error
induced by factoring expected products is therefore O(g—(7—1+¢)),
This answers the first question: cumulants whose cth smallest gap is
g are uniformly O(g—{"=1+9)) in absolute value (before multiplying

by the factor n=? = n~* in our example).

Next we must bound the number of (¢;,...,$4) with cth smallest

gap equal to g. Recall that §; < --- < 13 = 14, and let g, =

$1,...,9d = 84 — t4—1. The cth smallest gap is the cth smallest of
92, .-, 94- Again, it suffices to find a bound based on the assumption
that ga,...,9c.41 are less than or equal to g.,3,...,94. There are
g° ways of assigning values in {1,...,g} to the ¢ smallest ¢g’s and

(g — 1)¢ ways of assigning the values {1,...,g— 1}. Therefore there
are O(g°~') ways to assign {1,...,g} such that the cth smallest
gi is exactly equal to g. Some of these ways may not satisfy the
constraint Y. g; = n, but that does not affect our upper bound.
There are fewer than n9=¢ ways to assign the remaining g;’s, hence
the number of (1},...,14) with cth smallest gap of g is O(g°~!n%¢—<).

This answers the second question stated on above.

We know already that the number of cumulants in the sum with
g = 0 is exactly n4—¢. Therefore the entire cumulant sum, after di-

viding by the denominator n? = n4-¢~! is bounded in absolute value

19
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by a constant times n—{(¢—¢—1)(nd—¢ 4 pd-c Pogm 95T ¢ I =
O(n) if j — 1+ € > ¢. For jth order cumlulants, the number of

constraints ¢ is § — 1, so the cumulant sum is O(n). O

2.6 Remark. Note in particular that the jth cumulant of S,
cum(S,...,S) , is O(n), where § = }_7 z;, provided the mixed z-
moments of order 4(j—1) are uniformly bounded (we assume j > 1).

We also have cum(S,...,S,z,) = O(1), since the only con-
tributing terms are those for which the indexes 1,...,8; are all

approximately equal to n. In general,
cum(S,...,S, [z, za—i,) = O(1).

Here the t; are fixed nonnegative integers, not necessarily distinct.
For this to hold (assuming S repeats j times) it suffices that the
mixed z-moments of order 4(j + m — 1) be uniformly bounded and
the mixing constants a,, be of order O(m—207+¢)),

In this connection we have the following corollary.

2.7 Corollary.  Let S = }_7 z,. Then for positive integer k the
moment ES*z,; - Zp4i, is of order nP, where p is at most [k/2],
provided

(1) Elzi| = O(n™2).

(2) The kth cumulant of S is O(n).

(3) cum(S,...S,Zn_i, - Tn_i,) = O(1) (S repeats k or fewer times

as an argument).

(4) z has uniformly bounded mixed | + k-order moments.




THE ALGEBRA OF MOMENTS §2.8 21

Proof. Use induction on k + I. If kK + ! < 1, the conclusion follows
immediately from (1) and (4).

For k > 2 and | = 0 we observe that the kth cumulant of s
is O(n), expand the cumulant in terms of moments, and apply the
induction hypothesis. The first term in the cumulant expansion
is ES*, while the other terms are products [ ES¥ with v =
k—so the induction hypothesis proves this case. For general k +
I > 2, consider cum(S,...,S,Zn—i, ‘- Zn—i,) , which is O(1) by
hypothesis. O

2.8 Remark. In a sense these results may not seem as good
as one might hope, and they can in fact be strengthened. Sup-
pose we are interested in the second cumulant of S/n + §3/n3.
Then we have shown that cum(S/n, S/n) , cum(S/n,52/n?) , and
cum(S?/n2?,52/n%) are all O(1/n). This means that the least sig-
nificant term in the Taylor expansion has as much impact as the
most significant term. We can sharpen the result if the sequence
{zi : ¢ > 1} has asymptotic mean zero, which will normally be true

in the cases of interest to us.

2.9 Corollary.  Let {z; : 4 > 1} be an independent sequence of
random variables with zero mean and uniformly bounded moments
of order p = Ei pi (the p; are positive integers), and let S = 3.7 z,.
Then cum(S?:,...,8?) is O(nlP/3l) and also O(nP=7+!). (Ip/2)

means the greatest integer in p/2.)

Proof. The O(nP~7+!) bound follows from the argument of Theorem
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2.3: there must be j — 1 constraints on the indexes of

Cum(n";;l Zigs o )

for a nonzero cumulant. It is also true, however, that each index s,,
must be equal to at least one other index. If for example the index
im appears only once, then Ez; = 0 factors out of each term in
the expansion of the cumulant as a sum of moments. Thus for a
nonzero contribution we require [p/2] constraints, and the sum is
therefore O(nlP/3), O

Either of the two bounds in the statement of the corollary may
be sharper. Our new bound shows, for independent zero mean z’s,
that cum(S/n,§2/n?) and cum(S?/n?, 5%/n?) are O(n~2), which
is an improvement.

The simplest asymptotically stationary case occurs when the z’s

are independent with zero mean, except that Ez; # 0. In this case
for a nonzero cumulant each index of cum(]'[?‘=l z,-‘,-u) must

be equal to another index or equal to one, and this still requires
[p/2] constraints. In the dependent asymptotically stationary (zero
mean) case, this means <ach index must be near another index or
near zero.

For how many sets of indexes (3,...,1p) is each index between
one and n and also within g units of zero or of another index? We
can bound this number by cnl?/3lg? where ¢ is independent of n
and g. Therefore the number with this minimum gap equal to ¢ is

bounded by ¢’'nl?/31gP=! Suppose E|z,,| = O(m=') and the mixing

22
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THE ALGEBRA OF MOMENTS §2.10

constants a,, are O(m~2!). We then find that the cumulant of
the corresponding selection of z’s, namely cum(ﬂ?_i_1 Ty, ) is
O(g~').

Combining these observations with the argument of Theorem

2.5 gives the following.

2.10 Corollary. Let p = }:'1 Pi, where each p; is a positive
integer, and S = Y7 z; (p > 2). Suppose that
(1) mixed moments of z’s of order 4(p — 1) are uniformly bounded.

(2) The z’s are mixing with mixing constants
am = O(m=3(P+9))  (¢>0)

(3) Elzm| = O(m=(p+9)).

Then cum(S?,...,S5?7) is O(nle/3). a
Note that the argument of Theorem 2.5 implies that the cumu-

lant above is O(n?—!+1) if conditions (2) and (3) above are replaced

by the requirement that the mixing constants a,, = O(m=3(i=1+¢)),

We need to make two important remarks.

2.11 Remark. Suppose some or all of the arguments to the
cumulant are multiplied by a product of z,_;’s. In other words,
each argument is SPi [}, zn_;, ,, where we allow the product to
be empty or p; = 0 (but not both). If

(1) The sum ) p; is denoted by p,

(2) the total number of indexes isd =p + 3 m;,

(3) the number of arguments for which m; =0 is j,

23
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(4) at least one m; > 0,

(5) the z-sequence has bounded mixed moments of order 4(d — 1),

and

(6) the mixing constants a,, = O(m~2(+9) (¢ > 0)

then the cumulant is O(n?=7).

This is an extension of Theorem 2.5. The corollary above can

be similarly generalized, but we shall not do so.

2.12 Remark. Given a finite number [ of asymptotically sta-
tionary sequences, z(!),...,z())  we may take §\) = -7, zs-j) and
obtain all the analogous results for mixed cumulants provided the

gl),...,zsl)):

vector process {(z i > 0} satisfies the mixing and mo-

ment conditions.

We will come across some estimates of the form
>(2)" (=)
n n/

Here we are simplifying slightly, because the sums §/n and the
factors z,/n could be from different sequences, and furthermore we
might actually have products of factors of the form z,_,;/n, with

a different j for each factor. A primary example is the estimate of

24
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covariance. We have

n—-1

By== 3 (5~ Z)(iss — 2a)
1

n—1
== Y (2 — B)(zips — 1)
n 1

(1)

~ {5 = ) (Enss — 4)

—(2a - p)? (1+ %)

Co=B) (2, — ) + (20 -]

+

There are two sequences involved here: (z; — u) and (z; — p)(Z;41 —
#). Each term does have the form suggested above. except that
there may be an extra factor of n~P. We want to conclude that the
cumulants of sich expressions have the same asymptotic behavior
as do the Taylor expansions dealt with in Theorem 2.5.

Theorem 2.5, after rescaling, shows that Eﬁ;:o am(S/n)™ has
cumulants «; of order O(n!~7). This jth cumulant is a linear com-

bination of terms

cum(SPy,...,SP/).

Subject to appropriat : mixing and moment conditions, Remark 2.11
shows that if an (z,/n)9 argument is adjoined, then the order of the
cumulant is actually reduced. Alternatively, if a term S?5 is multi-

plied by (z,/n)? for integer ¢ > 0, then the order of the cumulant is
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unchanged if ¢ = 1, and otherwise reduced. Therefore we have the

following theorem.

2.13 Theorem. Let f, = Z;=O(S/n)"'(z,./n)"" Q,m, where the

gm are nonnegative integers and S = Y7 z;. Let p = j-[max,(m+

dm)] > 1. Assume

_ (1) the z’s have uniformly bounded mixed moments of order 4(p —
1), and

- (2) the z’s are mixing with mixing constants a,, = O(m=3(+9)),
Then the jth cumulant of f, is O(n'~7) as n — co. a
= 2.14 Remark. Suppose a finite number of sequences (1), ..., z(")

satisfy the vector versions of (1) and (2) in the last theorem. Here

(1) means that the moments of form Ez( 1) ( t)

are uniformly
bounded for ! < 4(p — 1), and (2) becomes the obvnous extension of
the mixing concept. We may then replace any factors (S/n) by any

n~1y Tz, (™) and any z,/n by z{™) /n for fixed 3, or by z( )/n for

fixed 1. Also, dividing some terms by additional factors of n certainly

will not increase the order.
Let us illustrate how the estimate R, of equation (2.12.1) fits
> this form. Let z(!) be the sequence (z; — ) and z(?) be the sequence

(zi — u)(zi4+1 — p). Then the standard estimate of (2.12.1) is

A (2) (1\32 (1) [ (1) (1)
; S L () (14 1) 8 ( )
n n n n n n n

We can therefore conclude that the jth cumulant of R, is




THE ALGEBRA OF MOMENTS §2.15

O(n'~7). The maximum number of z factors in any term of R,
is two, so it will suffice to have bounded mixed £ moments of order

4(2j — 1) and mixing constants a,, = O(m=3+¢)),

Moment identities

2.15 Conditions. The identities in this section require several
types of conditions on the sequence {z; : 1 > 1}. The parameters p

and [ below are specified in each subsection.
(1) Mixing. The z’s should have mixing constants a, = O(n~3?).

(2) Moment condition. Mijxed z-momeunts E|z;, - -- z;;| are uni-
formly bounded for all integer j less than or equal to the order

of the moment being considered.

(3) Asymptotic stationarity. If E denotes expectation and E, de-
notes expectation with respect to the limiting stationary distri-
bution (assumed to exist), then |E,z;, - - - Z;,, — Ez;, -+ - zi,.| =
O(n~P) whenever the smallest index s, is at least n and the

number of indexes (m) is no more than [.

(4) The asymptotic mean is zero.

2.16 Notation. We will be expressing quantities like E(3_T z;)?
as polynomials in n, and we need to establish a notation for the
coefficients. “A” in the potation below is meant to indicate that the
asymptotic means have been subtracted off, so in effect the z’s are

assumed to have asymptotic mean zero. If S; denotes E'l' z;, we

------------

27
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will write, for example,
E (E ) = W(AS.)n° + O(f(n))
1
n 3
E (Z z;) = p! (AS;?)n! + u°(AS,?)n® + O(f(n))

E (z ,-..-) 2 (E y.-) = 4 (AS,3A5,)nt + pO(AS,A8, )0

+0(f(n)
E(R; — Rj)* = [p~2(AR*)n™% + u~3(AR*)n"°

+u~4(8R;*)n"* + O(f(n))]

and so on. The O(f(n)) above is a generic error term which will be
specified in what follows.

Thus the superscript of u corresponds to the power of n, and
the argument of uP(-) is the quantity whose moments are being
considered. The notation, then, decomposes the expectation into
its components.

We will write u, to refer to expectations with respect to the
limiting stationary distribution. In addition, if R is a vector of
estimates and a is a vector, uP(ARTa) is 3" pP(ARia;), and a
similar notation applies to matrix estimates M.

If the context is clear, we may drop the argument: u?. The hat-

ted notation P(-) refers to the estimate of the un-hatted quantity.
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We may also need to consider
n P /[ 2n q
3 n+1l

n P
E (Z 3«') (zn+l )e.
1

and

Fortunately, in such contexts the underlying sequence z; will be
*‘ evident, and we will use the same notation as before but with argu-

ments (AS?AS]) and (AS2Az? ), respectively.

2.17 First moments. Evidently,

B(ASz) =0

1 )
. #°(AS;) = ) Ez,
1

with error term of order O(n—(P~!)), provided p > 1 in the condi-

tions of Subsection 2.15.

2.18 Second moments. Given that S, = } 7 z;, and R; is the

YR

correlation of the £ sequence at lag 1, in the stationary case we get

- n-1

E(Sa)? =) (Es,z+l - Es:)

? k=0
{: n—1 k

' = E (Ezz_H + 2EZ z.-zkH)

h:: k=0 i=1




Ll S Jidh 2 e Bt At e SAgt e e et A S by ,—_”‘ PRGN b I e AN A S el ko o Bl R el —— T "‘
I

THE ALGEBRA OF MOMENTS §2.l8 30
n—1 -} [}
=3 (Ro+ L R-23 )
k=0 1 k+1

[ -] o0 o0
= n(Ro +2ZR;) —ZEiR"+2 Z (s — n)R;,
1 1 t=n+l
provided R, is O(n~?) for p > 2, in which case the remainder term
(the last term above) is O(n—(p—3)).
The asymptotically stationary case is similar, but there is an

additional term

Z Z Ez;zk - E.z;zk.

k=11=1

The subscripted E, denotes expectation with respect to the asymp-
totically stationary distribution.

From this,
p(AS,) = pl(ASa) =Ro+2) R
1
(1) p2(ASa) = -2 iR
1

oo oo
BO(ASn) = p3(ASa) + D Y Ezizi — E,zizs.
k=1i=1
To estimate the error term in the above, we need to bound the

tail of the double sequence, which is

o0 0 n
Z Z Ez;z; — E,z;z; - Z Z Ez;z; - E,zz;|.
11 1

1
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This is bounded by

o g
2 Z Z |Eziziyy — E'.z,-z.-.,.,-l + |EZip 25 — By Ziv5Z5],
i=[n/2] 5=1

which is O(n=(P=3)) for p > 2 and ! > 8 in the conditions of Sub-
section 2.15. (We use the notation [z} for the greatest integer less
than or equal to z, and we also use the notation [z] for the smallest

integer greater than or equal to z).

2.19 Third moments. Here we will indicate the general method

and the results, but omit computational details. Write

n-—1
ES}=)_ES,, - ES;

( k=0

, 1)

- n-1 k k 3
- = Z Ez},, +3Ez},, Z z; + 3Ezi4 (E z;) .
k=0 1 1

We now rewrite non-stationary items in terms of stationary ones,
plus an error term. Thus
n-1 n-—-1
3 _ 3 3
E Ezy,, = Z (Bvziyy + (Bzhyy — Baziiy)]-
0

0

Other terms in (1) may be reduced by splitting sums:

g k %/2} k
- PIEDIEIDIIE
x 1 1 [k/2]+1

4 B
o 8 a v 8 0 8
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Applying these techniques leads to

o0
p(AS:3) = Y E,zomizi + 3u°(AS, )l (A S8a7).
f,J=—00
The conditions are that p > 2, and ! 2 8 in the conditions of Sub-
section 2.15. We will not need p°(ASu3).

2.20 Fourth moments. We now can begin to use the cumulant
bounds developed in the first part of this chapter. If z, satisfies
the hypotheses of Theorem 2.5 for fourth order cumulants, we can

expand the fourth cumulant of § = °7 z; in terms of moments:
O(n) = cum(S, S, S, S)
= ES* - 4ES°ES — 3E25% + 12ES*E*S — 6 E4S.

Equating the O(n?) terms of the above shows that
W1(85.4) =3(w(85,)".

In view of the more general results of the first part of this chapter,
we can certainly draw a similar conclusion for quantities like R;. We
will also need to know p!(AS,*). In the context of autoregressive
processes, we will have an easy way of estimating the coefficient in
the stationary case, but we will need the correction for the asymp-
totically stationary case. The method of derivation is the same as

that indicated in the last subsection. After some algebra we find

u (ASa*) = -3 (p} (AS’,.’))2 + E,z* + 44 (ASA::i“)

32
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+ 6#2(A52A3ﬁ+1) + 4“?(A53Az};+1)
+ 4u°(AS, ) ul (ASH?)

+6 [u(ASa") — u3(8Sa7)] 4y (85a7).

The last two lines above gives the correction for the asymptotically
stationary case. For the coefficients of this subsection to be valid, it

suffices that { > 12 and p > 4 in Subsection 2.15.

2.21 Fifth and sixth order moments. If z, satisfies the

hypotheses of Theorem 2.5 for fifth order cumulants, then

p2(A5,%) = 104! (A5,%) 5! (AS.2) = 15 (4 (AS,))? uO(AS,)
p3(AS,%) = 15 (u! (AS,2))°.

It is fortunate that not only are the most significant terms of the
higher order moments reduced to coefficients of lower order mo-
ments, but also that the nonstationary correction is based only on

first and second moment nonstationary terms.

In the next subsection, we extend these formulas to the case
of mixed moments. These results will be very useful in subsequent

calculations.

2.22 Mixed moments. Given two or more sequences, {a; :
t > 1}, {bi : ¢ > 1}, and so on, we may easily extend the moment
identities of the preceding paragraphs by identifying the coefficients

of

E(32a5+t2bg)p,

33
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provided sa; + tb; satisfies the sufficient conditions of Subsection
2.15. This gives us the formulas enumerated below, where S, =
Y1 ai, and similarly for Sy and S..

In many cases, a “s” may be replaced by a “u,.” Those formulas
derived using Theorem 2.5 (which means the fourth order and higher

ones) will apply to non-sample means like I?,-.

. (1) #(AS,A8y) = Eyaobo + Y _(E,a0b; + E,a;bo)
1
) A [ -}
k. (2) #O(AS.ASy) = =Y k(E,aobk + E,axbo)
i 1

oo
+ Z (E'agb,- - E',a,'bj)

f,5=1
/ m
& (3) u'(AS.°AS,) = D E,a0a:b;
- hi=—e
k +2u°(A8,)pt (AS; ASp)
+ ul(AS5:.%)u0(AS,)

p2(AS,2A85,A8.) = pl(AS.2)pl (ASyAS.)
4 2u(AS.ASuL(AS,AS)
p2 (A8 ASy) = 4! (AS, ) u! (AS,ASs)
+6u' (AS,2AS,) ! (AS,?)
— 3 (! (AS.2))° u0(ASy)

— 12! (AS3) u' (AS; ASy)u®(AS,)

........
........

.............
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3 6)  u*(AS.*AS,AS.) =3 (6! (AS.2)) 4} (ASAS.)

+12u1 (AS,?) ! (AS, ASy) s (AS, AS.).

)
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Summing difference
recursions

In our moment calculations we will have to compute sums like
(- -] 00 o0
Yovi Doy or ) wig
0 0 : i=0
where the y’s satisfy a difference equation and the w’s satisfy a
difference equation in each index.
Sequences indexed by non-negative integers
3.1 One dimensional recursions. We assume that the sequence
{yi : 1 > 0} satisfies a strictly stable order k difference equation,

Yn+01Yn—1 + - CkYn—k =0

for n > k, where yo,...,yx—; are known. That the recursion is
strictly stable means that all the roots of the characteristic polyno-
mial z* + a;2%=! + ... + ax2° lie in the interior of the unit circle.

Under this assumption, the sums in question converge absolutely.
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(See PRIESTLEY (1981) for further discussion and results). We

may calculate these sums directly, or by using the generating func-

tion p(2) = 0" y;27. Then (1) = 30° y; and ©'(1) = 1 jy;.
Because the y;’s satisfy the homogeneous difference equation,
we find

e(2)(1+ - + 6x2") = yo + 2(y1 + a190)+
o+ 25Ny + - + ap—1%0)

and

dovi=op(1)
0

(1) - yo(l +---+ag—y) +-- +yk-1(l)
(Y4 +ag)

It is possible to calculate ¥, jy, by considering ©’(1), but practically

speaking there is an easier method. We have

J

EJ!IJ Z.VJZI

=1

= iiys"

i=1 y=¢

Note that the sums §; = }_;° yy obey the same difference recursion

as the y;’s, but with different initial values. Therefore a convenient

- , :

-"b« method to compute this sum is as follows.

2 .

o 3.2 Algorithm.  To compute }_7° jy;:

s (1) Compute So = 3 5 yi from (1) above.

v

.

N

J

¢
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(2) Compute Sy = So — Yo,--.,5k = Sk—1 — Yk-

(3) The answer is then

Sl(l+"'+ak-1)+"'+5k(l)
(1 +--+ ax) '

g

3.3 Two dimensional recursions. = We will also need to sum
two dimensional arrays whose elements satisfy a difference equation.
Specifically, if R;; is the non-stationary expectation E(z;—p)(z;—u)
and R; is the stationary expectation E,(z; — u)(zo — u), we will
need to sum the array R;; — R|;_; in its entirety and also along its
diagonals.

In an autoregressive model of order k in which the sequence
{z;—p : ¢ > 1} satisfies the usual difference equation and y; = z;—pu,

we get

Ri; = Ey,y;
= —Eyi(a1y;—1 + - - + akyj—k + €5)

= — (a1 R; j—1 + - - + axRi j—r + Eyic;) ,

assuming j > k. This gives R;; as the solution of a non-homogeneous
difference equation. But y; is a linear combination of the first k y;’s
and of €x4y,...,¢€, and therefore Ey;¢; is some multiple of Ee?. In
particular, Ey;e; will be the same whether we regard y,,...,yx as

fixed or as coming from the stationary distribution. This means that

Rj;—j| is a particular solution of the non-homogeneous difference
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equation, and so R;; — Rj;_; satisfies the homogenous difference

equation

Rij — Rji—j) = &5
& —(a1bijor + -+ arbijoi) -

The problems of summing the entire array and of suming a diagonal

require different approaches.

Summing the entire array is very simple. Just use formula
(3.1.1) to sum rows zero through k — 1 of the array. Next, input
these sums as initial values in (3.1.1) once more to obtain the sum
of the entire array. In our applications, the double sequences of
interest will satisfy the same difference equation in both indexes,
but the 2bove procedure works in general.

Next assume we want to compute ) o2 w;,i45, Where the dou-

ble sequence w satisfies the same order k difference equation in both

indexes (f,7 > 0). The difficulty is that the one dimensional se-
quence w; 4+ (for fixed §) does not satisfy an order k difference
equation. We will see, however, that an order k vector difference
equation is satisfied.

Let v = [Ya,ar---1Ya,a+k—1]T (the superscript T indicates
transpose), and let F be a k x k matrix defined by the requirement
that Flya—k,-.- ¥a=1]T = [Ya—k+1)- - - Ya]. Note that to calculate
Fy for any vector v we simply shift the components up, calculate
the bottom component from the difference equation, and discard

the original top component. In other words, we need not store the

......................
..................................................................................
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entire matrix F in the computer, and furthermore multiplication by
F is much easier than usual matrix multiplication.
Now, from the difference equation and the definition of F we

know
(1) Vg + Fvg_18y + -+ F*uq_rar = 0.
This is the required vector difference equation. From this we deduce

[+ -]
z:va=(I+a1F'+---+¢lk1""")"l

a=0

X [vo + (vy + Fvgay) + - - + (vk—1 +---F""voak_1)].

Let A(2) = axz®+ - +ao2°. It is easy to show that the eigenvalues
of Farer,,...,r, with eigenvectors [1,...,r*~!|T, where the r; are
the roots of A(z~!) = 0, which are all less than one in absolute value.
(If the roots are not distinct we can draw the same conclusions using

a limiting argument). Therefore

k
9 I+6,F+ - +axF* =[[(I-riF),
- 1
g where each factor is invertible since the matrix norm ||r; F||3 is less

than one. In other words, the inverse in the expression for } g’ va

exists.
In applications of the above formula, we will not generally know

vi,...,Vk—y. Let b; be defined as [yi 0, - -, ¥i,k—1|T, fors = 0,...,k—
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1. These b’s will be known and because v, = F2b,, we may rewrite

(1) as

00
D va=(+aF+ - +a,F5)!

a=0

X [bo + F(by + boay) +"'+Fk_l(bk-1 +"'+bodk._1)].

The matrix polynomials may be efficiently computed in nested form
(“Horner’s rule”), which has the added advantage that we only mul-
tiply by F, which is easy.

Dk . an gnan A Al

For convenience we will refer to the function which takes as

input yo,...,Y¥x~1 and produces Eg" ys as output as

SUMOI (yOs ceey yk-l)’

and that which produces 377" y; as SUMy,(yo, .- -, Yk~1). The first
subscript (0 or 1) gives the starting index for the summation, and

the second indicates the univariate case. Similarly,

o0
SUMos(bo, . . ., bx—1) = E Va
0
and

o0
SUMua(bo, - -, Bk=1) = D va
1

Difference recursions indexed by (...,-1,0,1,..))

.......................................................................
.........

.....
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3.4 An example. We want to extend our arsenal of summa-
tion methods. The technique we are about to develop will greatly
simplify certain calculations. It is best illustrated with a simple
example for which it is not really necessary.

Suppose that a sequence {y; : ¢ > 0} satisfies the usual stable
autoregressive difference equation of order k and is moreover sta-
tionary (that is, yo,...,Yx—1 are chosen according to the limiting

distribution). We want to calculate ) o

i=—o00 i:""n(y(h yi')s which is

the same as 3= Ry, where R; is the covariance of the process at
lag 1. The covariances R; do obey a difference equation, and the
straightforward method to compute the sum is to partition it into
two sums, 3°0° + 371 . The latter sum is the same as 3°5°.
Though easy to do in this case, splitting the sum would be much

more difficult if we were dealing with

Y cum(yow, viy;)-

ivj="'“

For one thing, we would need to estimate k® fourth order cumulants,
where k is the order of the autoregression. This is analagous to the

need to know Ry, ..., Re—; in order to compute Yo R;. Further-

i.j=—oo iDVOlVves only two indexes, some

more, although the sum
of the component sums will involve three indexes after shifting. For
example, the sum over (s > 0,5 < 0), after adding 5 to each index
to shift the indexes to non-negative values involves three indexes.

This means we would in effect have to compute three dimensional

.......................................................
..........................
...........................

....................
...................
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sums of the form

o0
Z Wil 4,544

=0

where w obeys a difference equation in each index. This all can be
done, but it is not the best way.

Let us write a formal z-transform:

(1) oz1,22) = ) cum(yj,u)ziz}.

J.vl="'m
We say “formal” because this sum does not converge for any (2, 23).
Ignoring all such convergence problems for the moment, we could
recover cum(y;,¥) from the double contour integral (2, and 2; each

take values on the unit circle):

1 (21, 23)
(2,“')2 z{+lz;+1

d(zl 3 22).

If A(z) = axz* + - + ao2%, we can “solve” for ¢ by multiplying
both sides of (1) by A(z,)A(z3), where the a’s are the coefficients

of the difference equation:
GoyY; + -+ akY;—k = €,

which we assume to hold for all integer j, positive and negative.

Equation (1) becomes

o
Az)A(za)p(z1,22) = ) cum(e, @)z,
§,j=—o00
AT e e P e St et -., '._;. P .'.' .................. . _.‘-‘,‘-_. -‘..'_, Lo I S PR B - .'_‘..-" "
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Because of the assumed independence of the €’s, this is

)
2,m,m
E Oc2y 29 .

m=-00

Substituting back into the inversion integral for cum(y;, 1) converts
the double contour integral into the sum of the products of two
countour integrals, namely

23 (L /_ﬂ,_dzl (L i_d,,),
‘ 2] A(z)o* 2mi ] Alz)z*!

m=-—oco

These contour integrals are equal to w;_,, and wj_,, respectively,
where w; is O for negative indexes and satisfies the difference equa-
tion with coefficients ay,...,ax subject to initial conditions wy =
1, (wy +aywp) = -+ = (Wg—y + - + ag—1wo) = O (as follows by

writing the 2-transform of this w). This suggests

co
Cum(yjsyl)= Z Wi—mWi—m-
m=-o00

This conclusion is in fact valid, as we will show later. Then

oo oo
Z C“m(yo:!ll) = Z w—mwl—ma?'

[ Iim=—oco

Note that the sum with respect to m is a two dimensional re-
cursion, but the sum with respect to { is one dimensional, and is the

same for all m. Summing first over | and then over m gives

o 2
Z cum(yo, 1) = 02 (Z w.-) .
0

l=—~o00

44
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Even the sum Y5° w; is easy to compute. It is 1/A(1), and so

% 2

Z cum(yo, y1) = -Z((-{;?.

{=—o00

When this general method is applied to higher order quantities,
the only new parameters to be estimated will be third and fourth
moments of €, as opposed to cum(yo, ¥i,y5, %) for all 4, 7, and {
between 0 and k-~ 1. Furthermore, we will only have to sum at most

two dimensional recursions.

3.5 Validity of the method. Let {Y;; : (i,) € Z%} be a double
sequence on Z2 which satisfies a difference equation in each index.
The difference equation is not assumed to be homogeneous. In the
example of the previous subsection, cum(y;, y;) wassuchaY; ;. Let
B, be the linear operator which shifts the first index, and let B; be
that which shifts the second: B shifts Y; ; into position (i + 1,7).
If %7 is the double sequence which is identically zero except that
entry (4,) is one, then B,§%7 = §+1.J,

Multiplying the formal z-transform of the double sequence of

cumulants {cum(y;, )} by the product A(z,)A(23) to get the for-

mal z-transform of cumulants {¢; ,} = {cum(e;, €5)} corresponds to

the following linear operation:
AY 2 A(B,)A(By)Y =e.

The linear operator A(B;) is by definition of the polynomial A equal
to I +ay By + - + axBF. In the example of the last subsection,

............
.........
. %
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€ = Y opme_oo 26™™. We need to show, in some sense, that the
bounded linear functional A is invertible with a continuous inverse. |
Because A(B;)A(B;) can be factored into terms (I — r;B;) and
(I — r;Bg) with |rg] < 1, it will suffice to assume A = I — rB, where
|r| < 1 and B is either B, or B;.

Define the measure v{I} = (1 + [?)~! for | € Z, and u(l,m) =
v{l}v{m}. Consider L?(u) on Z3, for p € (1,00). The map A is a
bounded linear functional on LP(u), and furthermore it is one to one.
To see this, observe that AY =0 and Y # 0 together imply that ¥},
grows exponentially fast as j — —oo, so Y & LP(u). (This might
not be the case had we chosen u to decay exponentially instead of
polynomially).

Next we want to find the inverse A=! = (I-rB)~!. The obvious

candidate is

A'=I+rB+r*B*+....

We can bound the operator norm ||B*|| (= sup||Bz]}/||z]]) by 3k3,

so in fact the series defining A~} is Cauchy and the candidate inverse
is well defined and a bounded linear functional (hence continuous).

Furthermore,

A~'AY = lim (I+rB+---+¢B)(I-rBY
— 00
= lim (Y - #+! Bi+1Y)
{—00
=Y.

In our applications, A will be the composite of two or more maps

of the form A(B), and AY will have a simple form. For example,

U XA | anatiti

g

3
.
‘ .
.
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in the last subsection AY = e =Y.  02§™™. The inverse of §°:°
is w = {w;w;}, where w; is zero for negative indexes, wy = 1,
and (wy +aywp) = -+- = (Wk—) + -+ - + ax—; Wo) = 0. By linearity,
A=16%8 has (4,1) element w,_,wi_g. In our example, 3 §™ ™03

converges to € in LP(u), so continuity of A=} guarantees that ¥; ; =

o0

0 T2 Wi_mWji_m. (Being the LP(x) limit in this case implies

being the pointwise limit). Because the same holds for any order

of summation of 3> §™ ™02, the pointwise convergence is abso-

lute. In general, when Y is bounded AY = € will be bounded, so
3 6%Be, g will converge to € in LP(u). We have proved the follow-

ing, which clearly extends to any number of indexes.

3.6 Theorem. Let 2*+---+a;z° have all its roots in the interior
of the unit circle, and let A(B) denote the operator (I +- - - +az B¥).
Let Y be a bounded sequence on Z2?, and ¢ = A(B,)A(B,)Y, where
B, and B; are shift operators on the first and second indexes as in

the previous discussion. Then

[ <]

Y'.J' = Z Ga'ﬂwl_awj—p,

af=—-x

where w is as in the previous paragraph. The convergence is abso-
lute. O
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Derivation of
corrections

Introduction

We will be using Cornish-Fisher expansions as discussed in the
Introduction to derive more accurate confidence intervals for the

autoregressive process z = {z; : 1 > 1} which satisfies our usual

stable difference equation

(zi —p) + - +ak(zi-k — 8) = ¢

We assume the difference equation is strictly stable, which means
that the roots of the characteristic polynomial z* + ... 4+ ax2° all
lie in the interior of the unit circle. In our derivation, we take
as given the validity of the Cornish-Fisher expansion and of the
methods developed in the preceding chapters. Refer to the articles
by TANIGUCHI (1984), ABRAMOVITCH AND SINGH (1985), and
GOTZE AND HIPP (1983) for a further discussion of sufficient condi-

tions for the validity of Cornish-Fisher and Edgeworth Expansions.

48
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We will assume that the errors ¢ are independent and identically

distributed, have a Lebesgue density component which is positive

a s 8BS

on an interval, and have finite moments of all orders. (Recall that a
general distribution may be expressed as the sum of a distribution
absolutely continuous with respect to Lebesgue measure, a discrete
distribution, and a singular distribution. The first of these is the
Lebesgue density component). |
2 First we will form a zero order pivot, which is the usual pivot
t, given by
_ Vn(z—p)
n ————\/v_n- .

Here, we are given z,,...,Z5; 2, is the sample mean, which is

an estimate of the asymptotic mean lim;_ o, Ez; denoted by u;

and v, is the estimate of the variance constant v for Z,, v 4

P I R T |

limg_.o0 nE(Z, — p)2. Our first order correction, T}, is a Cornish-

Fisher expansion based on ¢,:
Ty =ty +06n~Y3 4 jt3n=1/3,

The Cornish-Fisher expansion as given in KENDALL AND STUART
(1977) is

1
Tl =t, — K ~ éﬂa(t?‘ - 1),
where x; refers to the ith cumulant of ¢,. Our correction is the same,

except that we must estimate the cumulants. That we estimate

instead of using the true values does not matter to the level of

A,

.
------ <, e T e LN Tt - - .
.“' *‘ !.l 'J\_l .A‘..\ " ﬂ\JP_AS. \ .‘_A“n'?; .A" ‘-' a3 A‘! A"._;.:j. ‘4.". '.‘.- v RPN L Sy
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accuracy required for a first order correction—see ABRAMOVITCH
AND SINGH (1985).
The next step is to form a Cornish-Fisher expansion from T},

where now the x;’s refer to cumulants of Ty:
1, . 1
=T -x - g(Tx -1)- 5(52 -1)T;

1 1 1
+ 5/&1&31‘1 - alh(Tla -3T) + §IC§(4T‘3 - ).

(See KENDALL AND STUART (1977) or HILL AND DAVIS (1968)
for the statement and derivation of the Cornish Fisher expansion).
T; differs from a standard normal random variable by op(n~!). It
will be possible to obtain ¢, as a cubic polynomial in T3, (which we
take to be standard normal) instead of vice versa. This will make

the formation of confidence intervals easier.

The zero order pivot

4.1 Algorithm. We begin by specifying a possible pivot ¢,, which

will be used in what follows. Let t, = n‘/’v;ln(z,. — u), where the

estimate v, of the variance constant for Z, is obtained as follows.
1. Estimate the asymptotic mean u by g =2, = n~' ) 0 z,.
2. Estimate covariances R; for j =0,...,k by

n~jg

Ri= =3 (5 = 2a)(ziss = 2n)

=1

n—jy

1
== Y (zi— g+ = 2)(Zigs — B+ p— 2n)
1
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n—j

= Y i~ )i )+
n 1

;J (Zn — I")2

n—3 n—j
P22 [+ St
=1 =1

n—j

= Y (mi = ) (morg — )+
1

)
n (En - ”)2

AaaA o

n(Zn — p)-

Nzi-nw- ) (m- #)]
1

n—j+1

(1) =

S=

D (i — B)(zies — B)
1=1

~2 Y (- Wlmg - )

i=n—j+1
~(za-np (1+1)

J n
+ B it Y (- m)
1

n—-3+1

. )
.
p

’u

B

E The last form is convenient for analysis, while in practice I?,- would
¢

-

be calculated by a method like the fast Fourier transform.

3. Solve the Yule-Walker equations for the estimated autore-

.........
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gressive coefficients 8T = [a,,...,dx|T:

RO . e Rk_[ &l Rl
Rk—l “e Ro &,, Rk

Or, denoting the above matrices by M, i, and —-R,

-

Ma=-R.

4. Compute the estimate 42 of the prediction error variance
(variance of the €’s of the mc :1):
G286°=1-Ro+-- +anks
=Ry +a"R.
5. Estimate the variance constant v by

02

(1+6; +--+ax)?

Up =

6. The pivot is t, = n!/3y l/2(2.. - u).

The first order pivot

é_ 4.2 Introduction. In order to make a first order correction
to the confidence interval for the stationary mean u = E,z, we
need to estimate Et, and Et3, where ¢, is the zero order pivot.
Specifically, if Et, = a;n~'/2 + azn=! + O(n~3/3) and E =
Bin—t/3 4 Ban=! + O(n—2/3), the first order pivot T} is given by

Ty =ty +6n" /3 ¢ ﬁt:n‘”’,

-
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where § = —3a; /2 + $,/6 and p = a, /2 — B, /6. This follows from
the form of the Cornish-Fisher expansion given at the beginning of
the chapter along with the relationships between moments (;) and
cumulants (x;):

Ky = by,

K3 = p3 — 3papy + 243

In deriving T}, we will ignore terms which are O,(n™"). (The
definition of “Op(n=1)" is similar to that of “op(n=!)": a sequence

{2; : i > 1} is said to be Op(n~!) if nz, is bounded in probability).

4.3 First moment of t,. From a Taylor expansion,
ta =n"Y3(2, — p) (v“/’ - %u‘s/z(v,. - v)) + 0p(n7Y).

Then given our regularity conditions stated in the first paragraph of
this chapter (z = {z; : 1 > 1} satisfies a stable order k autoregressive
difference equation whose errors ¢; are independent and identically
distributed with positive Lebesgue density component on an interval

and with moments of all orders),
Et, = En~13(z, — p)y~1/3

- %E’n"/av‘a/’(v,. —v)(Zp — p) + O(n71).

The regularity conditions imply that E(2, — p) = n~1u~1(AZ) +
O(n—3/2), where as usual p~!(A2z) means }[° E(z;—p). Therefore

the first element of the n—!/2 coefficient of Et, (that is, a;) is simply

........... e T e T et . PR A L L S P O SV PO i S P ... - .. S |
..................... Nt ettt at
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p~'(Az,)v=1/3, Our analysis is conditional on zy,...,zk, (k is the
order of the difference equation) and thus from the formulas for

summing difference recursions,
v~ 3u=1(Az) = v~ /3SUMoy (21 — By - - - » Zk — 1)

_.u-l/?(zl-“)(l+"’+ak—1)+'--+(zk—“).1
- (1+--- + ak)

and the natural estimate is

yot/a(E =B+ By ) + (T —2a) o L
" (L4 +ax) ’

The other element of a; is
v/ ul (A2 Av) £ En(2, — p)(=1/2)v™/% (vs — v).

Expanding v, — v as a Taylor series in (62 — 02) and }_,(4; — a;)
gives the first order approximation
53 — o3

(1) v"—v=(1+...+ak)2

203
1+ +a

3(51 — a3 +“'+ak—dk).
k)
The autoregressive coefficients a satisfy Ma = —R, while for the
true values we have Ma = —R. Writing
(M + AM)(a + Aa) = -(R+ AR)

shows that AMa + MAa + AMAa=-AR or
i—a a Aa

= —(M + AM)~'(AR + AMa)

2 _M~'(AR + AMa).
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DERIVATION OF CORRECTIONS §4.3 58
We may similarly find A(M~!) & M- - M-t by writing
(M + AM)(M"% +AMY) =1
> AM ) =-M'AMM™!
=-M1AMM™!
to first order. If desired, then, we have a second order approximation
for Aa:

(2) Aa = -M~'(AR + AMa)
; +M~'AMM-'(AR + AMa).

For the present, we only need the first term on the right hand side.

The remaining part of the n=/2 coefficient of Et,, (that is, a;),

is then

—%E’n(z,. —p)v 33 (v, — v)

= —=v

1 _3,,,,[E(z.. - W)(6? — 0%)

2 (14 +ax)?
_20%E(zn —p)17(a - a)
T+ +an)?
— u\ (53 — o3
=--l-v'3/’n[E(z" p)(6* —o?)
2 (14 +ax)?

_ 20%E(2n — p)IT(~) M~ (AR + AMa)]
1+ +ax)° '

Recalling that the notation u~!(AzAR) denotes the most signifi-

cant vector coefficient of E(2, — u)AR, with similar definitions for

-.r.Y_T—.v':‘v'.-.-.-.v.!
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p~'(AZAR,) and the matrix p~!'(AzAM), linearity shows that
the formula above is
1 3 [E(z,. - p)(62 —o0¥)n

2 1+ +ax)?
+ 20° 1ITM~! (s~} (AzAR) + p"(AzAM)a)}.
(1+---+ax)?

Next we must express 63 — o?. We have
#P=Ro+a"R
= (Ro + ARo) + (a + Aa)T (R + AR),

so to first order
Ac? £ 4% - o2
= ARy, + AaTR+aTAR
= ARy~ [M~' (AR + AMa)] R +aTAR.
Because ¢ = —M~!R = —~M~TR, this is
Ac® = ARy + (ART + aTAM)a+aTAR
= ARy +2aTAR + aT AMa.
Therefore to first order
p~1(AzA(0?)) =~ (AZAR)
+ 22Ty~ (AZAR)
+aTu-1(AzAM)a.
Combining results shows

—%ﬁv's/’ﬁ"(AzAu) =

......................
.......................................
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1 _ “1(AzARy) + 2aTu~(AzAR) + aTu~(AzAM)a
- a/aﬁ[# ( ) b ;(1)2 ) +aTp!( )

2031TM~(u~'(AzAR) + p~'(AzAM)a)
+ A(l)3 .

Therefore, the n~1/2 coefficient of Et, is
(@ )L k) 4ok (5= Za) L
(8) er=vy (Y+---+ag)
-1 T,—-1 T,-—1
—-;-v‘s/’\/;[“ (AZARy) + 22T p ‘:(Alz)zAR)+a s~ (AzAM)a

2021TM~(u~'(AzAR) + p~(AzAM)a)
¥ AQy® ]

We are left to compute p~'(AzAR;) for j =0,...,k. Recall
the form of ft’,- given in point 2, equation (4.1.1), in the section on

the zero order pivot.

Let R} = n~! 3°0(zi — p)(2i4; — p). Then
u—t (AzAR;-) = p,“(AzAR;-) .

= Z E,(zo — u)(z; — p)(zi — 1)

$=—00

The results of Chapter 2 show that p~!(AzAR;) = p~? (AzAR;-).

It is worth noting in passing, however, that the end effects in the
computation of fl;- can be significant, though they are not in this

instance. In particular, the results of Chapter 2 also show that

3 (Az2AR;) # p? (Az’AR;-) .
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To estimate Y% E,(zo—p)(z;—n)(zi—mn), we use the methods
of Chapter 3. This illustrates the utility of Theorem 3.6. We have

E,(zi - I‘)(z:' - “)(zi —-p) = Cum(zl — B T; — By Ti — )

= Z cum(e, €, €) Yym—1Ym—j¥Ym—i

m=~0o

where the cumulants are with respect to the stationary distribution
and y has z-transform 1/A(z) = (a2° + - - - + axz*)~!. This means
that y; is zero for negative indexes and obeys the autoregressive
difference equation with yo = 1,0=y; +a1Yyo =" = Yk—1 + - +

8x—1Yo- Therefore

D Ey(zo - p)(z; — p)zi—p) =

1=—00

£3(€)D % Y. Yo—mYi-m

=0 m=-—00

We already know how to compute [} ymymﬂ-]:;s, because this

is just SUMoz[yayg]. The special structure of [yayg| facilitates the
calculation of the sum, as reflected in the algorithmic summary at

the end of the chapter.

4.4 Third moment of ¢{,. For the first order pivot T} we also

need to estimate ), the n=!/2 coefficient of Et3, or p~1/3(At,3).

]
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From a Taylor expansion,
3 -
3 = rz:‘/z(i,l - p)3 (t)""’/2 - Ev""/’(ﬁn - v)) + Op(n~1).
) Therefore 8; = v=3/24=2(Az%) - 3v=%/3u~2(Az3 Av) /2. Now
.: oo
3 p73(Az%) = Y E,(z0 — #)(zi - p)(z; — #)
f,J=—00
o0 0
= Y #3(0) D Y-mYiim¥s-m
§,J=—00 m=-—oco
10
A(1)*
From the fact that p~2(Az?) = p;2(Az%) +3u~1(Az)v, we find
— r3(e)v—3/3 -1 -1/2
3 _5/2,-2(A.3
- 5” B (Az Av)
K3(e)v3/3 -1 -1
—_ S\ A /3
A1) +3p~!(Az)v
A -3 s~ H{AzAv).
Replacing all quantities in the above equation and in equation (4.3.3)
for a; by their natural estimates enables us to compute
. 3. 1-
§==-ga+2h,
. 1, |
p=50— gﬁt
g
Ty =ty + % + V4
|
i
J
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The second order pivot

The second order pivot T; derives from a Cornish Fisher ex-

pansion of T;. The expansion is

1 1
Tg = Tl - K — 6&3(7? - l) - 5([62 - l)T1

1 1
+ §N1N3Tx - am(Tf - 3Ty)

1
+ égx.g(‘ﬂf’ —TT1) + 0p(n™1),
where x; is the sth cumulant of T;. It is not hard to show that x;

and k3 are o(n=!), while x3 and x4 are O(n~!). Because t, — T is

O,(n=1/3), we will rewrite the above as

1
=T - ‘2‘('62 - 1)ta
= Lka( = 3ta) + oy (n-1).
24 n P
Again, the fact that we estimate nx; and nxg does not matter to
0p(n—!)—see ABRAMOVITCH AND SINGH (1985).
4.5 Second cumulant of ;. We have

52—1=ET12—E2T1—1

= ET? -1+ o(n"})

=E|(t +0—"+ﬁ 2-1+o(n-‘)
n n ﬁ
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2 26
4 2P 2%p
n n
2E(pn — p)t3 + 2Et, (6, — 6)
vn vn

Estimation of most of these quantities, and of those needed for x4,

+o(n™1).

+

is straightforward. The necessary calculations are summarized in
the subsection at the end of the chapter, along with a few brief
explanations and references to Chapters 2 and 3. In the current
subsection, we will discuss points which require further elaboration,
and will point out some pitfalls.

In many cases we will need the most significant coefficient of
covariance between the point estimate Z, and the product of two
estimates, p§. In other words, we want the most significant part of
E(Zn — p)(pd—pq). To “first order” the change p§—pq is pAg+qAp,

so we expect the coefficient to be
pr~!(AzAq) +qu~!(AzAp).

This conclusion is generally correct, but one must be a little careful
of the logic. The true change includes a ApAgq term, but the ex-
pectation E(AzApAq) is of lower order than the other terms. If,
however, we were considering E(Z,, —u)?(p§ — pq), we would need to
account for the extra EAz3ApAq term, because this is of the same
order as EAz2Ap and EAz2Aq. In short, one must carefully apply
the results of Chapter 2.

We now turn to specific items, following the same order as in

the second order summary at the end of the chapter.

61
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1. ﬂ.,‘z(AfﬁAR}). From the definition of R! and the mixed
third moment identities, this is

[= <]

> cum((zo — #)(z; — ), (21 = B)(zm — W))-

l,m=-o00

Again we will see the usefulness of Theorem 3.6.

Let yijm = cum((zi — p)(z5 — #), (21 — #)(Zm — 1)) Apply-
ing the autoregressive difference equation to each coordinate trans-

forms this sequence to the following e sequence:
€.jlm = Cum(eiej; elem)

fE'e‘—o" fori=j=1=m,

- ot fori=1#)=m,
la‘ fori=m#j3=1,
0 otherwise.

Theorem 3.6 then shows
[o ]
Yijlom = (Ef‘ - 30") z Yi-p¥Ysj—p¥Yi—p¥Ym-p
p=—o0

[ ]

+ot Z Yi-pY5j—q¥i-pYm—q

pgq=—00

[+ o]
+ot 2 Yi—p¥j—q¥t—q¥m—p-
p.q=—00
Recall that y is the sequence whose z-transform is 1/A(1). Including
those pairs (p,q) for which p = q in the latter two sums is compen-
sated by the —30* in the first. Summing the above over (I, m) € Z2

now leads to the result stated in the summary.

62




BRSSP N KW Y Rat S N Al W oA S Rt M gt o g i PR A SN el B Sad SRl Rul o - Rl e AUt bt St i SR RRAC R AL DA 3 Rl e T Sak A i S "H‘.T‘
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2. 73(AZ3AR;). The expression of the summa-y is obvious,

except for the —j ﬂ,“(A:E?,AR_.,-) term. This comes from

~E(za - 2 Y (mi - ) (5iri — B)-
n—J+1

To find the value of this, it is only necessary to equate O(n?) terms

of
O(n) = cum(Z?(z; - B), Z?(zi = 1), (Znei — #)s (Tn—i+s — B).

3. gt (AR;AR,’ ) Again use Theorem 3.6. From the moment

identities, we want to estimate

o0

> cum((zo ~ p)(z; — ), (Zm ~ B)(Ztem — 1))

m=-—00

under the stationary distribution. Theorem 3.6 reduces part of this

to a sum
o0

E Y-pYi—pYm—pYi+m—p-

m,p=—00

This accounts for the S;S; term appearing in the summary. The

rest is

o

Z Y-p¥Y5j—qYm—p¥i+m—q

m,p,¢=-—00

o0
+ Z y—pya'-qym—qyl+m_p.

m,p,d=-—0o

...............................................
-------------------------------
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We will illustrate the method fdr the first of these two sums. First

sum over p and then over ¢. The result is

o0
Y SimiSitem—it-

m=-=00

For convenience suppose { > j. Then both Y 5° and E:L’:ﬂ are
equal to

(- -]
Sait=1 2 D SmSmeii—j

m=0

In general, this leads to

252,|l—j| + E Smsll-jl—m’
o<m<{l—j

except that if | = j we need to subtract §3 from this (because then
3o and E:L‘:ﬂ overlap).

4. p~2(Az3Aa). Note that we consider the entire expres-
sion for Aa given in the first order correction, Formula (4.3.2).
In general,we will need to consider higher order errors to compute
a=3(Az3A()) or ﬁ."(A(-)) for any “(-).”

5. p~'(AzA(€®)). The estimate of E€? is given by

n
Eé=n1)"¢
k+1

=n-! 2": [(z; - 2,.) +-- 4 &k(z.-_k - 2,.)]3 .
k+1 l
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This reduces to our problem to estimating the most significant co-

efficient of
E(z, —p)n~! Eef
1

and

B(za - wnt 3 & - Q).
1

The first of these coefficients we refer to as 7'(Az,A(n~' ¥ €).
Because € — € is a polynomial, we could write the second exactly

as a Taylor series, but we only need the following approximation:
n
E(Za—pn~' ) (8 - =
1
n k
| Blan — 307 30 -2 — ) + 3 Aaimims = ).
- 1 =1
Part of this is, to our order of aproximation,
-3A(1)0? E(2, — p)?.

The rest is
k n
Y Elaj(za — p)3n7' Y €l(zimj — W)
=1 i=1

The inner sum estimates cum(e?, z;_,) , which is zero. The expec-

tation EAaj;(Zn — u)A (cum(e?, z.-_,')) is of lower order, though of

course the estimate need not be zero.

o Lo o an ol g
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DERIVATION OF CORRECTIONS §4.6 66

6. Calculation of M; and A;'(AZ,AM;). The algorithm of

the summary uses Horner’s rule or nested evaluation of the matrix

-
.
-
«
c..
-
o
-
¥ -
-

{ 2t

polynomial defining M3. From the stated algorithm, it’s clear that

M; is computed as
F(- (Fapl + ag—1I) +--) +aol.

The calculation of ;!(AZ,AM;) parallels this.

The rest of the calculation of £3(T}) is straightforward.

4.6 Fourth cumulant of T).
1. 473(Az%). From Theorem 3.6, the fourth order cumulant of
the sum Y7 (z;—p) under the stationary distribution is x4(€)/A(1)*.

Now equate the O(n) terms of
ke = pa — 322,

where the x and p’s are moments and cumulants of 37 (z; — u)
under the stationary distribution.

2. ~'(AR;). By this we mean the n=! coefficient of E(R; —
R;). Note that in general in computing &~2(A(-)) we must account
for higher order terms. For example, to compute A~!(Aa) we
use the first and second order terms of Aa given in the first order
correction.

3. &4(Ty). The expression given derives from the relationship

between non-central moments and cumulants,

Ko = pa — dpaps — 3pa® + 12pap.% — 6,4,

.......
.................................
.............
.............
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which in the case of T reduces to

ET: -3- 6(&2(1‘1) -1).

Inverting the correction

We now discuss how to invert the first or second order correc-

tion. Suppose
On p,,t2 4+ intn u,,t,, + 'w,.tf,’

(=tnt \/_ Vn o on n

and define
z3 L wz?
g(zsoypsyyw)=" 7—-‘ \/_ +— .
By 6 (and so on) we mean the estimate of 8 based on Tiy...Tn.

Then 9(tns0n,Pn,Vn,wn) is Op(n—l)a as are g(&,0n, Pn,Vn,wn) and
ta — €. Ignoring terms which are O,(n~3/3) and writing g for the
function g(€, 0p, pns Vn,wn) and ¢ for the derivative of g with respect

to its first argument,
ta = €= 9+ (tn = )9 + 3(tn — §°8" + Op(n="/%)
=g+d (94 (ta ~ §)g) + Op(n=2/%)
=g+g9+0,(n"%?

- (G a5

+ = (2npnt +2038%) + 0p(n~2/2)

...............

....................... '.{..
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Therefore

tn= €= \—}_; (6n + o)
4 2 (<vnt + 2npa — wal + 2646%) + 0y (n=0).

Here £ is regarded as a normal random variable. This equation
enables us to convert normal quantiles (§ values) into ¢, quantiles

directly, rather than solving for the ¢, quantiles.

Algorithmic summary

In this section, we summarize the computations necessary to
make the first and second order corrections. As usual, z; is an

autoregressive process of order k. The autoregressive coefficients are

A . .
ao = 1,a,,...,ak, the errors are ¢,. . ., €, the variance of the €’s is

o3, while v is the asymptotic variance constant for 2,. The analysis

is conditional on z,,...,zx. The first and second order corrections
depend on the method of estimating v, and we assume that the

method detailed at the beginning of the chapter is used.

4.7 First order summary.

1. Compute
“—I(Ain) = SUMoy(zy — 2p,..., Tk — Za).

2. Estimate ¢, =k +1,...,n. The estimates are
& = (zi — 2p) + a1 (Zi-1 — Za)

oo Ag(Ti—k — Zn).
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3. Calculate Ee2 =n~' Y5, | &.

4. Calculate 1/A(1) = (1+---+ax)~*. This is the sum }5° y;,
where y; has the z-transform 1/A(z). Recall that A(2) = ap2* +
0 (Go = 1).

5. Calculate 3 72, ¥i¥i+s (7 = 0,...,k — 1) as follows. First

s+ 4+ agp2

solve the triangular system

do 0 Yo 1

Il
2
>

k-1 ... G Y1 0
Recall that F is a shift matrix defined by the requirement that
Yo n
FI i |=]:
Ye—-1 Yx
The matrix F, then, involves the estimated autoregressive coeffi-
cients. The desired sums are the solution of
2 va Yo
(I+-- +axF*) : =| :
2 YaYa+k-1 Yr-1
6. Compute ) _ ya¥Yq+ from the sums of the previous paragraph
using the fact that the sums Zazo YaYa+i as a function of 1 obey
the same order k difference equation.
7. Compute the covariances between the point estimate 2, and

estimated covariances R;:

R Ee
“:l(AznARj) == Z YaVYa+j,
i &
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fory=0,...,k.

8. Let i;'(A%,AM) denote the symmetric k& x k Toeplitz
matrix with (i,7) entry equal to A;!(AZ,ARj;_;). Similarly
let 4;'(Az,AR) be the column vector with ith entry equal to
B7!(Az, AR;), for i between 1 and k.

9. Compute the estimated coefficient of covariance between the
point estimate Z, and the vector of estimated autoregressive coeffi-

cients a&:

p7l(AZ,Aa) = -M~! (371 (AZ,AR) + 474 (AZ,AM)E),

and also

p71(Az,A(1Ta)) = 1T 47 (AZ, Aa).

10. Calculate the estimated coefficient of covariance between

- the point estimate and prediction error variance estimate:
E_:.f b7 (02,A(0%) = 471 (A2, AR,) + RT 47 (A2, Aa)
!

+aTa;' (A2, AR).

11. Calculate the estimated coefficient of covariance between

the point estimate and v, :

a7 (Az,A(0%)  20%47'(Az,A(1Ta))

A—l —-— —
M, (AQ”AU)—- (1+"'+ak)2 (l+"'+&k)3

12. The estimate of a;, that is, the n=1/2 coefficient of Et,, is

given by

s Ao - 1._ -
a, = p l(Azu)"nl/2 - 5“0 l(AznAv)vus/g'

.*\
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13. The most significant coefficient of the third central moment

of the point estimate, under the stationary distribution is then:

- Ee '

B2 (az) = Tk

14. The estimated n=!/2 coefficient of Et3 is then

B = 572(Az3)v;3/? + 3p—1 (A2, v/
9. _
- E“a—l (Aznav)vn 3/2'

15. One may now compute the coefficients for the Cornish-
Fisher polynomial:

lrt’ . 'lrn rl T-

! 16. The first order corrected pivot is then

Ty =ty + 6043 4 jt3n—1/3,

and one may compute the p-quantile of the distribution of ¢, by
2y — n=1/% — jz3n=1/3,
where z, is the p-quantile of the standard normal distribution.

4.8 Second order summary. The bulk of this calculation
consists of the calculation of the second cumulant of T;. Though it

may appear lengthy, the calculation is not too computer-intensive.
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(Az’) using the moment identities:

Calculate g~
mv -
L > & =5UMu(Ro,..., Raei ),
1

2. pr?(azd) = -2 SUMy, (T &y, 7 ).

Estimate the difference between the above and its non-stationary
eqhivalent. From Chapter 2, this amounts to summing the double
array § below over the entire first quadrant.

3. 85 = (2i = Zn)(z5 — 2n) — Rji—j1,

for1<4,5 <k

4, TEMP; = SUM01(5."1, ceey 5.',;:),
fore=1,...,k.
5. p-3(Azd) - a7%(Az3) =

SUMo:(TEMPy,..., TEMPx).

6. a~i(azd) = a7 (az]) + (a~%(a23) - 47%(A%7)).

In the next sequence of equations we will compute 4~23(AZ3AR;).

Recall that R} is n=! 3°(zi — u)(zisj — p)-
7. =1 Z
_ k+1

Eet -
n—13 2 U -
8. B (AI,.ARJ-) A(l)2 az>o: YaYa+j

3

254

+ zi(l)‘.
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Refer to the first order correction for ) ya¥a+5, Which has already

been computed.
9. A=t (AR;') = SUMog [(2i = Za) (21 - 2a) - RI‘-'I]j’

where the value for j = k is obtained from the values for j =
0,...,k — 1, using the fact that as a function of j, these quantities
obey the autoregressive difference equation. Next, for § =0,...,k,

compute
10. A73(AZ2AR;) = -3 (a7 (az3))?,
- jhrN(Az2) Ry + a3 (AZ2ARY),
11. 4~2(Az3AR;) =472 (AZ2AR))
+2571(a2,)5;1 (A2, AR))

+a7M(az2)i~t (AR)).

In the following formulas, S; will stand for Eazo YaYa+i, Which
has been computed in the first order correction. Let Sj);—;| stand

for the sum 37,5 SaSa+|i—j|- Compute:
12. S’""jl = SUMOZ(SQSB)“_J-“

and iterate the above out to S3 sx using the autoregressive differ-

ence equation (which S3; obeys as a function of 1). Next estimate

st (ARARY):

13. TEMP = (£¢* - 35*) 555

73
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+4t [252.“-,1 + 253145

+ E SiSj—j1~s

0<i<|i—j|

+ Z S,'SH.J'_.'] .

o<i<i+y

The estimate of u;! (AR;-AR,’) is then

TEMP - 8334, ifl=j#0
14. ﬂ:‘(AR;-AR,’) = { TEMP - 25254, ifli=j=0
TEMP, otherwise.

15. a7 AR;AR) = 7 (AR} AR)).
In order to estimate u—2(Az3Aa), first compute the following:
16. B73(AZ3ARAR) =
B7'(A23)a; (AR;AR)
+ 2371 (A2, AR;) AT (A2, AR).
Let M) be a k x k matrix whose (i,) entry is one if [§ — I] =
and zero otherwise; for § < j < k let R(Y) be a column vector with

elements 1,..., k which are zero except for the jth element which is

one; and let R(®) = 0. Compute:

17. W}l) = M-I(R(f) +M(f)a),
18. w = M MW,
k
19. 471 (AaAR) = - Y WVa (AR AR)),
=0
{:‘_-.;:.}:;._-'..;;\;;..;:\;;::;:;::;1; e L S T T e L T .--;I-r_'.x;'.-.‘l-:'.--".~:'L~-;'.~-;L~- e T
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forl=0,...,k.
20. p=3(Az2Aa) =

0<i,5<k

.............................
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§4.8

> a(ARARAR)WS)
-M~' (3-3(A23AR) + i3 (A23AM)a),

21, 3;72(Az20a;AR;) = 571 (A23) 47 (Aa; AR;)
+ 24,1 (A2, A0) 3 (A2, AR;),

22. 37*(Az3A(0%) = 4%(Az2AR,) +aTa2(AZ3AR)

+ RT3-2(Az3 Aa)

k
+)_ A7 (Az3 A0 AR,

=1
k
23. ArY(AaAg) = - WMl (A AR,
=0
. k
24, 571 (8070)") = Y 47t (Aaisy),
£,3=1

k
25. ﬁ:‘(A(a’)A(l’a))=Z[‘:‘(Aa.-ARo)

1=1

ke
+Y_ Ria7'(AsiAay)
J=1

voow L TR VRS

Lad 924 o |
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26. i73(az2A(0%)A(1Tae)) =
a7t (az2)art(A(0?)A(17a))
+2a71(Az,A(17a)) a7 (AZ, A(0?))

or. arr(amianTe)’) = sy (az)irt (a079)”)
+2 (a7 (A2,A(17a)))’

A?(Az3A(0%)
A(1)?
_ 2634~2(Az3A(17a))
A(1)3

28. g3 (Az3Av) =

_ 2573(Az3A(0%)A(17 )
A(1)3

2;‘;,—’ (Az,’,A(lTa)’)
A(1)s '

+ 30

Next we will compute 4;3(Az3Av?).

()

2. p;l(A(aﬁ)’) = i (a;a,-ﬁ:‘(AR‘-ARj)

£,7=0
+ RiR; 37 (Ag; Aay)
+28;R;i; (Aa; AR;) ),
where ;1 (AaoA()) £ 0 because a = 1 is known.

it (aer)) stz (a07a)’)
A(1)* AQ1)e

30. pt(Av?) =

.........................
--------------------------------------
'''''''''''''''
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By (A2,AM) — 371 (AZ, Aag) ]
BrY(AZ,0a80) 20
Forl =k — 1 down to O,
A7 (AZ,AM;) — 71 (A2,AF)M; + Fia7' (A2,AM)
+a7 Az, Aq)]
M; — FM; + a1.

36. ATt (Az, AM;Y)) = ~M; a7 (A2, AM )M

1 1)) 0
37. M; = .
&k—l P 1))

The coefficient of covariance of the point estimate with M3, namely
pyH Az, AMs), is
Bl (Az,Aa) 0
38. :
Byl (A% Aak-y) ... B7'(AZ,40)
The diagonal elements in the matrix above are all zero, but they are

written as they are to indicate the structure of the matrix.

30. 7 (A2,AMY) = ~My a7 Az, AMs) M
40. S = [So,...,sk_dT
- T
. = [Z y?v--:zyiyk—c‘—l]
41. BT (AZ,AS) = p7 Az, A(M7Y)) M e,

+ M7 a7 (A2, A(MGY))e,.
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_46%57'(A(0?)A(17a))
A(1)®

31. B72(Az3A0%) = 47 (AZ3) a7 (Av?)
+2(ar!(Az,A0))°.

This enables us to compute

p%(az])  aT*(Az3Av)
na;'(820) (a7 (a22))?
a2 (Az340%)
n (37! (a22))*

32. E -1=

33.  ArY(Az,A(n' T €)) =SUMo, (o, .10, Bet),
34. it (a2,0(86) = 471 (82,4007 L &)
-36%A(1)a7! (A23).

The next series of computations will give us M; = (I+a,F+

.o+ 4 axFF) and p;7(AZ,AM;). The matrix j;!(Az,AF) below

is a k x k matrix identically zero except in the last row:

0 . 0
a7l (Az,AF) = : : :
—f‘c—l (AzuAak) cee —'i‘:l (AznAal )

35. My — ail
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In the following calculations we will compute coefficients of co-
variances between the point estimate and estimated coefficients from

the first order correction.
42. (a7 (az, A7 (A2, AR;:))]
Si;' (A2, A(ES))

k-1 _
=0 —

A1)
_ SESp;(Az,A(17a))
A(1)2
a7l (A2, AS)Ee
A(1) ’
43. ﬁ'a—l (AE“Ap:l(AinARk)) =
k
2 (*f‘-' '(Az,Aq)37! (A2, ARk—)
=1

—ap7 (A2, A(p! (At,,AR,,_,))).

Define 4;!(A2,Au;'(A2,AR)) in the obvious way, that is by
(671 (A2, Ap;t (Az,,AR;))]:; , » and similarly define the coefficient
a7 (az,0p71 (A2,0M)).

44. a7 (A2, AMY)) = -M~ a7 Az, AM)M!.
45. a7 (A2, 0p7 (A2, A0)) =

-a7'(Az, AMY) [‘:'(Az,‘AR)

DNENCHENEN

»

........
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46.

47’

+ ﬁ:‘(AznAM)&]

e [ﬂ.“ (Az,8471(A2,AR))
+ a7 (A2, 0071 (A2,AM))a

+-ﬂ.“(AI..AM)ﬂ."(A2..AG)]

BT (A2, 0871 (A2,4(0%)) =
a7t (A2,0u7 (A2,AR))
+ 571 (A2, ART)4; (A2, 00)
+ RTa;(Az,Ap7t (A2, A0))
+ 71 (82,007) 371 (A2, AR)
+aTa;' (A2,A671 (AZ,AR)),

pri(Az, Apy (A2, A0)) =

a7 Az, Au7 (A2,0(0%)))
A(1)?
_ 4p7 (A2, A(0%)) a7 (A2,A(17 )

A1)
657 (47! (A2,4(17 )’
A(1)*
_26%7 (A2, 0071 (A2,A(17a)))

AQ1)?
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48.

49.

50.

Sl.

52.

DERIVATION OF CORRECTIONS

wT = [1+&1+"‘+¢?k_1,...,l+&1,l]
A(1)

’

7 (A2, AwT) = (1 + &g+ + @k, ..o, L+ a1y )

o (lart(az,40176))
A(1)?

+ = | a7 (Az,40),

1 .
) BT(AZ,Aa ),o]

=1

ari(az, A7 (Ag,)) =
- SUMoi(1,...,1) - g7t (A22

+a71(A2,A0T) - (z) = Zn,..., Tk — Za]T.

aTHAZ,A0y) = 47 (AZ,Ap7 1 (A2,))vg 2
1 _3/3.- .
- -2'!},‘ 3/2”' l(Ai'in)l"': l(AznA")

1 372 -
- avn 3/2“5 I(Aani‘t 1(A£,,Av))

+ gv;s/’ (/2;“(43.*.‘,,&')))2 .
it (Ae,,A(Eé))
A(1)3

_ 3Eea7 (A2, A(17a))
A1)t

a7 (Az, Ap73(A3)) =

Cadii-udiass St Sl il Yl i AL Gl A et p-p jtuin B0 o, £ |

§4.8 81
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53. 471(A2,A8) = a7 (A2, Ap72(A23) )%
- St (823 (A2, 40)
+ 347 ‘(Az Ap~l(Az, ))0—1/2
- g.,;slﬂ,z-l(azn)ﬁ;l(Az,,Au)

— Sk (B2, 0p71(A2,80) )07/

' 27
+ v (a7 (Az,Av)) .
3
54. ayl(Az,A0) = -—;4, 1Az, Aoy ) + -p, 1Az, AB)

55.  prl(Az,Ap) = -#. ‘Az, Aay) - —u.‘(M Apy)

56.

o

ﬂ:llz(AtnsAp) =347 (A2, Ap)v1/3

57.  av'l?(At.A0) = a7V (A2, A8)vTY/3,

This enables us at last to compute the estimated second order

cumulant of T}, namely £3(7T}):

58. k(T -1=E8 -1+

25, % (Ata30p)
n

n n n

9s=1/2 43 Y
+ B "(Ata A0) +g_+ 3p

20a, 238, 20

n n’

L

- « td
----- B > . L N N T [N
. LR . i RO " P ‘ot & s

.......................
---------

---—

f-fA;AAu:! n'.rn-n-x".; AT
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Now we turn to the fourth order cumulant of T.

59. kq(€) = Eet — 36%
60. p;73(Azd) = LZIC 6a;'(Aaz3)a2(Az3)
A(1)* "

61. a~3(Aazd) =4;3(Azs) + 44—V (Az,)a73(A23)
+8a;7'(az3) (72 (a27) - 472 (A27)) .-
By i~!(AR;) we mean limp_, o n(R; — R;). For j =0,...,k
compute

62.  A~'(AR;) = [r"(AR;-) - jR; - g7 (A22).
63. A=Y(Aa) = =M~ (3~'(AR) + 4~'(AM)a)
k
+ 3 aARAR)WS,
,7=0

64.  a~'(A(0) = 4~} (ARo) + T 1 (AR)

k
+RTa'(Aa) + ) 47} (AcARy),

=1

A~ (A(0?))

65. a1 Av) = Aq)

_26%1T 4~ (Aa)
A(1)3
N 2571 (A(0?)A(1Ta))
A1
it (a07a)”)
A1)

3&2
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66. A3 (AziAvY) = 4572 (A22) 4 (A2, Av)

+6a~3(Az3 Av)v,

- 3"?;["—1 (Av),

67.  a73(AzsAv?) =3(a71(A23)) 471 (A0?)

+12371(a23) (37 (A2, 40))7,

. ~=3 4
8. Bts -3=+ [“—wt-'l)-

n va

2a~3(Az8 Av)
v

3

n
3;2,‘3(A2,‘,Av’)]

+ 4

¥n

69. A13(At,3A0) = 572 (A23A8) v /3

=3a7!(Az,A0)v /3,
In the following, note that 4—'/3(At,®) is the same (by defi-
nition) as By, and ~!/3(At,) is the same as &;.

70. AY3(At®) = 104-1/3(At,3%) — 154~1/3(At,),

. GY3(At3A0) = 15573 (A, Ap)uT /3,

72. A°(At,®) = 15.




T ——— .1.v~'1—‘sr--—.yﬂ

DERIVATION OF CORRECTIONS §4.8 85
- A l ~oa
73. ET{ -3=FEty -3+~ [4op—‘/2 (At,®)
+ 413 (At,2A8) + 4pp~1/3(At,5)

+ 43~ 13 (At,3Ap) +66% + 905 + 3655] .

And therefore the fourth order cumulant estimate for T is
4. k4(Ty) = (ET} - 3) - 6(%5(Ty) — 1)

From this the second order correction T3 is computed as

a taa

t
7. T, =T + 220 4 il
n n
where
Dﬂ A l A l*
— = — (&3 (Th) - =R4(T,
- 3 (Ra(T1) = 1) + 2R(Th)
and
Jn a 1,
n 24N4(T1)'
¢ The quantiles ¢, for t, may be estimated from corresponding stan-

dard normal quantiles 2z, by
. 1 /- .
? 76. =2~ (6+522)

1(_- T 503 L 953,38
+ p (-vz,, +20pzp — w2y +2p zp) .

A (1 — p) confidence interval for 4 = E, z is then

77. (Zn = 0301/, o, 20 + 030138, ).
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4.9 A note on validation of algebra. If for a given autore-
: gressive model one inputs the true covariances and moments of the
residuals into the algorithms for the first and second order pivots,
one can find the true values of all the quantities estimated in this
chapter, provided the calculations here are correct. Even for the
zero order pivot, using true covariances will yield the true asymp-
totic variance constant v. This was done for an AR3 model, and
the theoretical results thus obtained were compared with simulated
values. Simulated values are of course the correct ones, except for
the error of estimation.. In this experiment, there were 1,000 data
points per replication and 10,000 replications. Here are a few results

from the second order correction.

Quantity Theoretical Simulated
p~2(Az2AR,) 22.23 - 10! 22.35 - 10
p3(ARs®) 83.62 81.06
url(Aaz AR3) -20.45 - 10~1! -19.76 - 10—}
x p-2(Az2Asy) -25.94 -23.13
Ef st (AzAp7 (AZAR)) -28.65 -29.76
" uri(AzAp;t(AzA(0?))  -240 -25.02
B3 (AztAV?) 32.56 - 10* 32.86 - 104
p3(AztAv) 36.83- 103 48.90- 103
ET} -3 15.90-10~2 -7.14.10"2

The above figures are typical. Note that in the last two rows

above, the agreement may not be as good as one might expect, but
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the numbers are in fact acceptable. ET} — 3 is one of several sec-
ond order quantities with an extremely high coefficient of variation.
Because of this, it is not possible to obtain a good estimate given
current computing constraints. Estimates of odd order moments like
p~2(Az*Av) also tend to have a high coefficient of variation. In
summary, almost all of the estimates obtained confirm the algebra

of this chapter, and none of them arouses suspicion.
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Numerical results

Introduction

The usual test statistic ¢, is asymptotically normal, as are the
carrected statistics Ty and T3. The distributions of the latter two
statistics, however, converge more quickly to the standard normal
distribution. (See for example ABRAMOVITCH AND SINGH (1985)
and the references cited there).

To understand the data to follow, it may be helpful to give an
informal review of how we form the usual, “zero order” confidence
interval based on the standard test statistic t,, and how we form
the first and second order corrected confidence intervals.

The statistic ¢, converges weakly to a standard normal random
variable. If z, denotes the p-quantile of the standard normal, the
approximation

P{zos <th < zos} .9

becomes more accurate as n increases (“s~” means approximately

. -

L. R
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equal). In fact, the error is O(n~!/3). The event that the true
asymptotic mean u lies in the nominal 90 percent confidence interval

constructed from ¢, is precisely the event

{z.0s S ta < 295},

while, for example, the event that u lies above the upper 90 percent

conxfidence interval bound is the same as the event

{tn < 3.05}-

This is evident by rewriting t, as \/n(Z, — p)/0n.

T, is a quadratic polynomial in ¢,, and T3 is a cubic polynomial
in t,, which we might indicate by writing T} (ts) and T3(ts). For
values of ¢, of interest and for sufficiently large n, these polynomials

are approximately the identity function:

Ti(ta) = tn + O, (n~"/?)
These polynomial transformations may be regarded as transforming
the distribution of ¢, into a (more) normal distribution. Equiva-
lently, these transformations map quantiles of the distribution of ¢,
into corresponding approximate normal quantiles. Not that ¢,, T},

or T3 are actually normal, but each of the following statements is

more accurate than its predecessor:
P{z0s <t < 295} = .9,
P{zos <T) <zg9s} .9,

P{zos <T3 <295} = .9.

89
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In fact, the errors are O(n—"/2), o(n=/2), and o(n~!), respectively.

The inverted transformations may be written as Ty '(z,) and
T; !(zp). Instead of converting t,-quantiles to approximate normal
quantiles, we are doing the reverse: converting normal quantiles to
approximate t,-quantiles. The inverses of the quadratic T;(-) and
of the cubic T3(-) are not polynomials, but we have shown how
to approximate these inverses with a polynomial up to the desired
order of accuracy. These inverted polynomials are then T; !(-) and
T;!(-). They, too, are nearly the identity for fixed values of their

arguments in the range of interest:
T ' (2) = 2+ Oy (n™'/?)
T; ' (2) = T H(z) + Op(nh).
We could base modified confidence intervals on the statements

P{zos <T) <zos}~.9

Plzos <Ta <zos} ™9,

but conversion of these statements into statements about (Z, — p)
requires solving a quadratic or cubic equation. It is therefore more

convenient to base intervals on

P{T '(20s) <ta <17 (z9s)} .9

P{T; ' (z0s) < ta < Ty '(2.05)} = 9.

The event that the true mean u lies above the lower 90 percent
confidence interval bound obtained from the first order corrected

interval, for example, is the same as the event that ¢, < Tl_l(z.os)-

......................................................
.......
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NUMERICAL RESULTS

In this chapter we will compare the distribution of the usual
test statistic ¢, with the standard normal distribution and with the
estimated distribution of ¢, obtained from the inverted versions of
T, and T3, which we denote by T;™! and T;™!. As we have said, in
practice one does not use Ty or T3 directly to form a confidence inter-
val because this would require solving a cubic or quadratic equation.
Instead, we use the inverted corrections discussed above and given in
equations (4.7.16) or (4.8.76). However, the comparison of T} or T
with the standard normal is qualitatively similar to the comparison

of the inverted statistics with ¢,.

It would be possible for us just to report the true coverage prob-
ability for various intervals. In other words, with what frequency
does the true asymptotic mean fall above a 90 percent confidence
interval, or below it, or in the upper half, or in the lower half? There
is, we feel, a more informative way to compare the various pivots

using what we will call p-p plots which are a variation on g-q plots.

Suppose we wish to compare two distributions, F; and F3. A
q-q plot plots the two quantiles corresponding to a given probability.
Thus the plot includes points of the form (Fy~!(p), F5-!(p)). If F,
is standard normal, and F; is an empirical distribution, this is well
known as a useful way to test normality. It has the virtue of testing
the tails (which are typically of most interest to us) and also the
virtue that if F; is non-standard normal the plot will still be a

straight line.

For our purposes, the p-p plot is better. Here we plot points

o1
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(F1(q), F2(q)). Both axes of these plots consist of the interval [0, 1].
Suppose F; is standard normal and F; is the distribution of ¢,, and
that the point (py, p2) appears on the graph. This means that the p,
quantile of ¢, is the same number as the p3 quantile of the standard
normal, which in turn means that the true probability that ¢, is less
than the pz-normal quantile is p,. The true coverage probability for
a 90 percent confidence interval based on ¢, is then pnigh — Plow

where the points (puigh, 0.95) and (piow,0.05) appear on the plot.

Referring to the first graph for Model 1, four increments in
normal probability subdivide [0, 1] on the y-axis (“Normal p” axis),
namely 0.05, 0.45, 0.45, and 0.05. The corresponding increments
are indicated along the ¢, p axis, which in this case are 0.18, 0.47,
0.32 and 0.03. This means, for example, that the probability that
¢, is less than or equal to the 0.05 normal quantile is actually 0.18.
Furthermore, the event that ¢, is less than the 0.05 normal quantile
is the same as the event that the true mean u lies above the upper
90 percent confidence limit. For reference, the dots on the graph

indicate the points (.1,.1),...,(1,1).

The results of testing the inverted corrections are displayed in
a similar way. The inverted first order statistic, T !, gives for each
replication an estimate of any quantile of ¢,. This estimate of the pth
quantile is Ty (zp), and it changes with each replication. Referring
to the second row of the tables for Model 1, the ¢, p coordinate

corresponding to the 0.95 Tl'l p coordinate gives the frequency with

which ¢, is less than or equal to its estimated 0.95 quantile obtained
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from the first order correction, namely Ty~ !(z.9s). Again, the event
that ¢, is less than or equal to this estimate is the same as the event
that the true mean u lies above the lower 90 percent confidence
interval bound as given by the first order corrected method. In this
way, we see that for n = 200 data points, the probabilities that
a nominal 90 percent confidence interval covers the true mean are
0.79, 0.81, and 0.87 for the zero, first, and second order methods,

respectively.

Models tested

We will test the following four models.

(1) Autoregressive model (z; — 10) — 0.5(z;—; ~ 10) — 0.3(z;~3 —
10) — 0.1{z;_3 — 10) = ¢; — 1, where the ¢;’s are exponential
with mean 1. The three initial values, z;, 23, and z3, are set
to seven, which is three less than the true mean. Results are
shown for n = 200 and n = 400 data points.

(2) The same model as (1), but with geometric residuals: P{¢; =
7} =2"7"1,for 5 > 0.

(3) The waiting time process in the M/M/1 queue, {W; : ¢ > 1},
with traffic intensity p = 0.5. We model this as an AR5 process
and set the initial value to 0. Results are shown for n = 1,000
data points.

(4) A Markov chain on the nonnegative integers with transition

probabilities pi 41 = 1 = pii—1 = 1/3 for § > 1. This is a

discrete analog of the queue length process of the third model,




Pt P Y AT I . DA PSSR NN qril o i i At S A e, A wWiw Ta VRN R e At ad - WL Sull 04

of NUMERICAL RESULTS 94

which we also model as ARS5. The initial value is set to zero.
X Results are shown for n = 1,000 data points.

Note that the third model violates the independence assump-
tion on the prediction errors and also the assumption of finite au-
toregressive order. We therefore would not necessarily expect good
results for this model. In the second and fourth models, either the
prediction errors or the process itself has a lattice distribution, which

again means we would not necessarily expect good results.

Data

.T-j We have chosen to do 10,000 replications, a number somewhat
larger than those used in JOHNSON (1978), GLYNN (1982a), and
Jow (1982). Suppose we want to estimate the probability that ¢,
is less than or equal to the 0.05 quantile of the standard normal
distribution, z¢s. Our experiment is one of binomial trials with p
approximately equal to 0.05. A 95 percent confidence interval for
the required probability will then have halfwidth of 0.0043, or about
half a percent. This is, we feel, a desirable level of accuracy for such

an experiment. The halfwidths corresponding to zso and z4; are

about 1.0 percent and 0.2 percent.
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5.1 Model 1.

.05= Normal p . .05= Normal p
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6.2 Model 2.

.05= Normal p
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5.3 Model 3.
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8.5 Discussion of data. The graphs indicate that the method
performs very well for both of the true autoregressive models tested.
This is to be expected, especially in the case of the first model which
satisfies all of the sufficient criteria posed in Chapter 4. In the lat-
ter two models, we also see some improvement despite the depen-
dence of residuals, but we would expect to see more improvement
if this dependence were taken into account. Using the Fast Fourier
Transform, it is possible to perform the first order correction in the
case of dependent residuals in O(n log(n)) time, but a second order
correction would be more difficult. This is one possible area of fu-
ture research. Autoregressive models have the virtue of tractability
and of being a convenient way to take into account some kind of
nonstationary behavior. But in many cases, some other method of
modeling this nonstationarity may be more desirable, and the basic

ideas and tools developed here can be used to obtain asymptotically

more accurate confidence intervals in these other contexts.
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